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Abstract

This paper proposes and investigates an approach to deduction in probabilistic
logic, using as its medium a language that generalizes the propositional version
of Nilsson’s probabilistic logic by incorporating conditional probabilities. Unlike
many other approaches to deduction in probabilistic logic, this approach is based
on inference rules and therefore can produce proofs to explain how conclusions are
drawn. We show how these rules can be incorporated into an anytime deduction
procedure that proceeds by computing increasingly narrow probability intervals
that contain the tightest entailed probability interval. Since the procedure can
be stopped at any time to yield partial information concerning the probability
range of any entailed sentence, one can make a tradeoff between precision and
computation time. The deduction method presented here contrasts with other
methods whose ability to perform logical reasoning is either limited or requires
finding all truth assignments consistent with the given sentences.
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1 Introduction

For a long time a rift has existed within Al between logic-based and probability-based ap-
proaches to knowledge representation. Recently Al researchers have attempted to bridge
this rift by developing formal languages integrating probability with first-order logic [27; 3;
12; 17; 18]. Interest in this problem as a research topic for Al was sparked by Nilsson’s [27]
paper on probabilistic logic.!

Probabilistic logic is appealing in many ways. Its well-defined model theory clarifies the
meaning of the probability attached to a sentence. The model theory also provides clear
definitions of consistency, validity, and entailment independent of any system of inference.
Thus, what uncertainty researchers have called combination and propagation rules become
logical rules of inference and the model theory decisively settles any questions about whether
one inference rule or another is justified.

Accompanying his presentation of probabilistic logic, Nilsson presents a procedure for
computing probabilistic entailment. Given a set of propositional or first-order sentences and
their associated probabilities, this procedure computes a range of probabilities within which
the probability of some given target sentence must lie.? The procedure operates by first
finding all consistent assignments of truth values to the given sentences and then using these
assignments to set up a system of linear equations that must be solved.

Nilsson’s proposal for computing probabilistic entailment has two drawbacks. The fore-
most shortcoming with his approach is its dependence on determining all consistent truth
value assignments for a set of sentences, a problem that is NP-complete for propositional
logic and undecidable for first-order logic. Hence, in the first-order case the method may not
proceed even as far as setting up the system of linear equations, in which case the method
yields no information about the probability of the target sentence.

The second drawback of Nilsson’s procedure is that it does not produce a proof in the
usual sense. A traditional deductive system based on inference rules yields a proof that
explains the line of reasoning used and justifies the conclusion. Such proofs are useful
as explanations to humans and as input to explanation-based learning algorithms. These
drawbacks are inherited by subsequently developed elaborations of Nilsson’s basic approach
[35; 32].

A related approach to computing probabilities is Bundy’s [4] incidence calculus. This
approach was proposed prior to the publication of Nilsson’s probabilistic logic and so was not
described in terms of his semantics. But if viewed in terms of the semantics of probabilistic
logic, it can now be seen as a method of computing probabilistic entailment. Bundy’s
approach, like Nilsson’s, requires performing an initial impractical computation.

Another approach to computing probabilistic entailment is Quinlan’s network propaga-
tion approach [31]. This method has its own limitations. Quinlan’s method works with a
static network representing a fixed set of formulas and relationships among them. Because
it is unable to form new formulas as is done in proof systems, it cannot pursue any line of
reasoning involving formulas other than those built into the network. The network can only
propagate probability constraints among its existing formulas. Amarger, Dubois and Prade

! Nilsson’s [26] retrospective on the paper mentions some of the subsequent research on this topic.
?For an earlier investigation of probabilistic entailment for both propositional and first-order logic see the
article by Adams and Levine [1].



[2] extend Quinlan’s approach with rules for the derivation of conditional probabilities, as
well as means of introducing new nodes. However, the new nodes are limited to conjunctions
and disjunctions of other nodes.

The main contribution of this paper is to describe an alternative approach to deduction
in probabilistic logic and to investigate some systems based on this approach. We report on
progress we have made towards developing a proof system based on inference rules for a gen-
eralization of propositional probabilistic logic. We show how these rules can be incorporated
into an anytime deduction procedure. The anytime property means that the inference process
proceeds by computing increasingly narrow probability intervals that contain the tightest en-
tailed probability interval. Thus the procedure can be stopped at any time to yield partial
information concerning the probability range of the target sentence. Consequently, with an
anytime deduction system one can tradeoff between precision and computation time. Even
if an anytime system is not complete it may still be preferable to Nilsson’s inference method.
In the first-order case, it may provide at least partial information in situations where Nils-
son’s approach provides no information at all. In the propositional case it can provide useful
partial information without performing the exponential computation required by Nilsson’s
method. Our approach is superior to the network propagation approach since it allows sen-
tences to be freely combined to produce new sentences, whereas all network methods either
limit or prohibit the production of new formulas.

Building upon our previous work [16], this paper 1) defines a language, called Lpy,
that generalizes the propositional version of Nilsson’s probabilistic logic by incorporating
conditional probabilities, 2) presents sound, quasi-tight® inference rules for Lpr, and 3)
identifies a subset of Lp; for which a subset of the inference rules is complete. Several
examples illustrating the roles of the various inference rules as well as their anytime nature
are provided. We relate our results to other work on computing probabilistic entailment and
compare our framework for anytime deduction with work on resource-bounded computation
and anytime algorithms.

2 Probabilistic Logic

The language of Nilsson’s probabilistic logic is that of ordinary first-order logic. However,
in probabilistic logic, the semantic value of a sentence is a probability. When the semantic
value of every sentence is either 0 (False) or 1 (True), entailment in probabilistic logic is
equivalent to ordinary logical entailment, although the semantics is closer to that of alethic
logic than to that of first-order logic.*

The meaning of the probability assigned to a sentence is defined in terms of a probability
distribution over possible worlds. In propositional probabilistic logic a model is defined
to contain a non-empty finite set of possible worlds and a discrete probability distribution
over the worlds.> The semantic value of a propositional sentence is simply the sum of the
probabilities of the worlds that satisfy the sentence.

3A rule is quasi-tight if, in a sense to be made clear later, it derives the most informative answer.

1Elsewhere [17], we discuss in detail the treatment of probability as a modal operator and the relation
between probabilistic logic and alethic logic.

®Nilsson also shows how one can restrict attention to a finite set of worlds in the first-order case. This
is done by defining a probability distribution over the finite set of equivalence classes of possible worlds



The probabilistic language we work with, Lpy, generalizes the propositional version of
Nilsson’s probabilistic logic in two ways. First, Lpy allows assertions concerning both condi-
tional and unconditional probability, whereas Nilsson’s language only admits unconditional
probability. Secondly, sentences in Lpy explicitly state an interval within which a condi-
tional probability lies. Nilsson’s language does not explicitly state probability values—they
are stated in the meta-language—and his paper only considers problems that involve point
probabilities.

Sentences of Lpy, are of the form P(¢|€) € I, where ¢ and ¢ are arbitrary sentences
of propositional logic, and [ names a closed subinterval of the closed unit interval. We
view unconditional probability sentences as special cases of conditional sentences. If T is
an arbitrary tautology, then P(¢|T) € I is used to state that the probability of ¢ is in
the interval I. For shorthand we sometimes write probabilities conditioned on 1" simply as
unconditional probabilities: P(¢) € I. The advantage of this uniform treatment is that we
need only have inference rules dealing with conditional probability.

Throughout, this paper uses A, B, (', D, and words starting with a capital letter as the
atomic propositions of Lpr. The metalinguistic symbols ¢, £, «, 3, v, and ¢ denote sentences
of propositional logic, I and J denote possibly empty, closed probability intervals, ¢» denotes
a (conditional or unconditional) sentence of Lpy,, and ¥ denotes a set of sentences of Lpy,.
Furthermore, [, u,  and y denote probability values and an expression of the form [z y]
denotes the non-empty closed interval between = and y.

The interval [ is called the probabilistic component of P(¢|£) € I and ¢ is called the
logical component of the unconditional sentence P(¢) € I. If ¢ is an unconditional sentence,
then its logical component is denoted by LC(¢), and if W is a set of unconditional sentences
then LC(V) is defined as {LC(¢)) : ¢ € W}.

Now let us consider the semantics of Lpr. Following Nilsson, a model consists of a
non-empty finite set of possible worlds and a probability distribution over the set. The
denotation of the expression P(¢) in model M, written [[P(qb)]]M, is simply the sum of the
probabilities of the worlds in M that satisfy ¢. Now consider the truth conditions for an
arbitrary sentence, P(¢|&) € I. The traditional definition of conditional probability leaves
the conditional probability undefined when the probability of the conditioning formula is
zero. Such a treatment in the present framework would require the use of a three-valued
logic with its inherent complications. To avoid this we opt to define P(¢|&) € [ to be
satisfied by models that assign zero to P(£).° So the semantic definition for conditional
probability sentences is:

True if [P(&)]Y =0 B
[P(o|¢) e ITY =1 True if [P(E)]Y >0 and %%)}L— el

False otherwise

As a consequence of this definition, two sentences of the form P(¢|¢) € T and P(¢|&) € J
may be jointly satisfiable even if [ and J are disjoint; both sentences are satisfied by any

representing consistent sets of truth assignments to a finite set of first-order sentences.

5 Alternatively, one could define the semantic value of a conditional probability sentence to be false in
models where the probability of the conditioning formula is zero. But this would lead to problems with tight
entailment as we point out in Section 2.1.



model that assigns zero to P(£). Also notice that P(¢|£) € ) may be satisfiable; it is satisfied
by precisely those models that assign zero to P(£). Thus, P(¢|¢) € § and P(¢) € [0 0] are
logically equivalent.

Rather than defining the unconditional probabilities in terms of conditionals, we could
equivalently define the semantic values of unconditional sentences as:

v [ True [P €T
[Plo) € I]" = { False otherwise

Lpr, is two-valued logic that explicitly talks about probabilities. Though an expression
such as P(¢) can be thought of as having a probability as a semantic value, the sentences of
Lpr, only take on True and False as semantic values. Consequently, notions such as validity,
consistency, entailment, soundness, and completeness are defined as in classical two-valued
logic.

Unlike classical logic, Lpr, is not compact: an infinite set ¥ may entail a sentence even
though no finite subset of W entails the sentence. For example, P(A) € [.5 .5] is entailed by
{P(A) € [[5—1/n .54+ 1/n]: n> 2}, but not by any of its finite subsets. Thus there is no
sound proof system in Lpy that generates a finite proof of every logical consequence of an
arbitrary infinite set of sentences.

2.1 Tight Entailment

Given a set U of Lpy, sentences that we take to be true, we may want to compute the possible
values of a specified conditional probability, P(¢ |&). We characterize such a problem by the
pair (W, (¢|£)), and, following Nilsson, we call it a probabilistic entailment problem. If we
want to know the possible values of an unconditional probability, P(¢), we have the problem
(U, (o|T)), and we simply write (¥, ¢). In either case, the second element of the pair is
called the target of the probabilistic entailment problem.

To precisely formulate the probabilistic entailment problem, momentarily suppose that
for every set S C [0 1] we can write sentences of the form P(¢|¢) € S with the obvious truth
conditions. Given (U, (¢|&)), (¥ is as before, a set of Lpy, sentences whose probabilistic
components are closed intervals) the probabilistic entailment problem is that of finding the
smallest set S such that P(¢|£) € S is entailed by U. We call S the tight entailment of
(¢| &) from W. Observe that if U is unsatisfiable or if ¥ contains the sentence P(£) € [0 0],
then the tight entailment of (¢|¢) from W is the empty set.

The following theorem guarantees that a tight entailment in Lpr is always a closed
interval and thus we refer to it as the tightest entailed interval.

Theorem 1 For any set of Lpr sentences ¥ and any two propositional sentences ¢ and £
the tight entailment of (¢|€&) from W is a closed interval.”

Proof: Every sentence in ¥ is of the form P(a|3) € I. Since P(a|f) € 0 is logi-
cally equivalent to P(3) € [0 0], we shall assume, without loss of generality, that ¥
does not contain any sentences whose probabilistic component is the empty set. We use

“This result carries over to the first-order case as well.



a generalization of Nilsson’s approach for converting a probabilistic entailment problem to
an optimization problem. Consider the set of all logically possible truth assignments to
{7 : either P(y]68) € T or P(é|v) € I'isin U} U {¢, ¢}, which is the set of all propositional
sentences that occur in this probabilistic entailment problem. Associate a variable with each
assignment, and for every propositional formula v, let W, be the expression which is the
sum of the variables corresponding to the assignments satisfying ¢. Since P(a|3) € [l u] is
satisfied by a model M if and only if

[P < [Plan 8] <u-[P(BTY,
this sentence is converted into two linear constraints:
[-Wg < Wynp, and
Wang < u- Wp.

All other constraints that result from the conversion process—such as the constraint that
the probabilities of the worlds must sum to one—are also linear and define closed regions.
Therefore the feasible region for this optimization problem is a connected, closed region. The
target conditional probability, P(¢| &), gives rise to the objective function Wiyae/We.

If for some point in the feasible region W, = 0, then by the semantic definition of
conditional probability the tight entailment is @), a closed interval. Otherwise (and this
includes the case in which the feasible region is empty), Wyne/We is continuous over the
feasible region. Since the feasible region is connected, it follows from the Intermediate Value
Theorem that the range of values that Wyse/We can take on over the feasible region is an
interval. Furthermore, this interval is closed since the feasible region is closed. O

This theorem states an interesting closure property for the logic: given closed probability
intervals on sentences, the tight entailment is a closed interval. This property does not hold
for point probabilities; though the sentences in ¥ may all have point probabilities, the tight
entailment of (¢|&) may not be a point. Grosof [14] also observed this closure property in
relation to his Type-1-ui theories. This property is important for the formulation of inference
rules since the rules must be applicable to the sentences they derive in order to allow multi-
step derivations. Notice that if we had defined conditional probability sentences to be false
in models in which the probability of the conditioning proposition is zero, we would not have
this closure property: The tight entailment of a from P(8|«) € [0 1] would be the open
interval (0 1] since any model M in which [P(a)]" = 0 would not satisfy P(5|a) € [0 1].

A proof system is a set of axioms and inference rules. In addition to the usual notions of
soundness and completeness, we define a weaker notion of completeness specific to tight en-
tailment. A proof system is complete for tight entailment if and only if for every probabilistic
entailment problem, (¥, (¢ |¢)), there is some subset, I, of the tightest entailed interval such
that P(¢ | &) € I is derivable from W. This definition is similar to Grosof’s [14] definition of
completeness for probabilistic inference. If a proof system is complete then it is complete for
tight entailment since the tightest entailed interval is just one of the entailed intervals. Any
proof system that is complete for tight entailment can be made complete simply by adding
the interval expansion inference rule: from P(a | 3) € I derive P« | 3) € J provided that [
is a subset of J. In practice, we are more interested in computing tight entailment than in
computing general entailment.



Nilsson proposes a method for computing tight entailment for problems (U, ¢) involving
only unconditional probabilities and in which the probability intervals in ¥ are point values.
The method converts the probabilistic entailment problem to a linear programming problem
in which the objective is to minimize and then to maximize the probability of ¢. The
conversion requires finding every possible assignment of truth and falsity that a world can give
to LC(W)U{¢}. These assignments are then used to set up a system of linear equations that
expresses the constraints among the probability distribution over these assignments and the
probabilities of LC(W). Paass [28] generalizes this method to allow W to contain conditional
probability sentences with arbitrary probability intervals. The target sentence must still be
an unconditional probability. This more general probabilistic entailment problem can still
be converted to a linear programming problem.

In propositional probabilistic logic, this method provides a decision procedure for finding
the tight entailment of ¢ from W. However, for a first-order probabilistic logic this method
does not provide even a semi-decision procedure. The difficulty is that the possible truth
assignments to LC(W) U {¢} may not be enumerable. Therefore, Nilsson’s method may not
even proceed as far as setting up the system of linear equations. In this case, the method
yields no information about the probability of ¢.

Nilsson’s procedure is all or none; it either computes the tight entailment of ¢ from W
or it yields no information about it. As such, it fails to exploit the capacity of probabilistic
logic to express intermediate results. Before the ultimate value, or set of values, of ¢ is
computed, it is possible to have an intermediate result stating that some truth values have
been eliminated. In general, when using a multi-valued logic one may be able to rule out the
possibility that a sentence has certain truth values before determining a single truth value
or the smallest set of possible truth values. Probabilistic logic has this capacity because
embedded within every two-valued expression P(«) € [ is a multi-valued expression, P(«).
Notice that a classical two-valued logic does not have this capacity; once one truth value is
eliminated, the value of the target sentence is fully determined.

3 Anytime Deduction

So the question arises as to whether one can formulate an inference procedure that provides
partial information about a probabilistic entailment problem before a complete answer is
computed and that provides increasingly informative answers as a computation progresses.
We call such a procedure an anytime deduction procedure.’

A procedure for deducing the truth value of a sentence in a multi-valued logic (i.e. more
than two truth values) is an anytime deduction procedure if it has two properties:

Partiality: The informativeness of derived partial answers increases monotonically for all
executions, and for some executions there is a point during the execution at which the
procedure has partial information strictly between no information and total informa-
tion.

Correctness: All derived partial answers are correct.

8This is the same concept as the convergent deduction procedure that we previously introduced [16].



For probabilistic logic a derived partial answer is the interval of the target sentence that
has been derived, and one derived partial answer is more informed than any derived partial
answer of which it is a subset. So we interpret monotonically increasing informativeness as
meaning that derived probability intervals only ever change to subsets of their values.

Our method for anytime deduction for probabilistic logic is based on a set of sound
inference rules. Though the rules are not presented and discussed until the next section, the
following example illustrates their use.

Example 1 Consider the sentences

P(B— A)e[l11] (1)
P(A—C)el1] (2)
P(B) e [2.2] (3)
P(C) € [.6 .6] (4)

Two separate proofs for P(A) may be constructed. Sentences (1) and (3) entail P(A) € [.2 1]
and sentences (2) and (4) entail P(A) € [0 .6] . Since both of these intervals are derived by
sound inference, the probability of A must lie within both intervals. Accordingly, we intersect
the two intervals to yield P(A) € [.2 .6]. The interval [.2 .6] is, in fact, the tight entailment
of A from (1)—(4) and is the interval that Nilsson’s method would obtain. The rule for
intersecting intervals, called the multiple derivation rule, is the key operation that gives our
deduction procedure its anytime character.

Given a set of sound inference rules for Lpy, it is simple to construct an anytime deduction
procedure for computing the tight entailment of (¢ | ¢) from W. Throughout its execution the
procedure maintains an estimate of the tightest entailed interval, referred to as the current
derived interval. The procedure begins with [0 1] as its current derived interval and proceeds
by enumerating all possible proofs from ¥ that can be constructed with the given inference
rules. If the procedure has a current derived interval of [; and it generates a proof of
P(¢|¢) € I, the current derived interval is updated to I; N I3 using the multiple derivation
rule. A procedure that operates in this manner can, at any time, be asked to report its
current derived interval and thus can provide information about the tightest entailed interval
without computing exactly what that interval is. The current derived interval decreases
monotonically throughout an execution and it is always correct, that is, it always contains
the tightest entailed interval.

Consider Example 1 as an illustration of how such a procedure might operate. The
procedure starts by setting the current derived interval for A to [0 1]. Using its inference
rules, the procedure might then derive P(A) € [.2 1] from (1) and (3). Intersecting [.2 1]
with the current derived interval yields [.2 1], which is then taken to be the current derived
interval. The procedure then might derive P(A) € [0 .6] from (2) and (4). A new current
derived interval of [.2 .6] is obtained from the old by intersecting it with [0 .6]. This is the
tightest entailed interval, so no further computation with sound inference rules could modify
it.

An anytime deduction procedure is called convergent if during all executions the current
derived interval converges in the limit. That is, there is some interval [ (which is not

7



Plald)efzy
P(a|d) € [z y] P(53]6) € [uv]
PlaVv B[é) € [uv] PlaAp|d) € [w 2]
PlaApB|é) € [w 2] P(aV 3]é) € [max(z,u, w,z+u—2z)
P(5]6) € [max(w,u—y+w) ly+v—w]q]
min(v, v—2+2))] provided w <y, w < wv, 2 > z+u—1

provided w <y, z <v, w<w

(i) (iv)

P(3]6) € [z y] P(a]d) € [z y]
P(ald) € [uv] P(-a|é)e[l—y1—z]
PlaVv pl|é) e wz]

Blan o) € (7 ba T

min(yvvvzvy—l_v_w)]
provided z > z, 2z > u

Figure 1: Inference rules with a fixed conditioning sentence.

necessarily the tightest entailed interval) such that for each interval J O [ there is some
point in time after which the current derived interval is always a subset of JJ. The procedure
is finitely convergent if there is some point in time after which the current derived interval
never changes.” A deduction procedure that always finitely converges to the tightest entailed
interval can be obtained by augmenting a sound and complete proof system with a method of
enumerating all proofs. Any decision procedure for probabilistic entailment must be finitely
convergent. However, a finitely convergent procedure is not necessarily a decision procedure
because the procedure may not recognize when it has converged.

4 The Inference Rules

This section examines the set of inference rules for Lpy shown in Figures 1, 2, 3, and 4.
We do not claim this set of inference rules to be complete, although we have tried to
be comprehensive in covering the rules contained in the literature. In these rules the met-
alinguistic variables «, 3, 7, and é are taken to represent arbitrary propositional formulas.
Recall that 7' is used to denote an arbitrary tautology. An expression of the form [z]° de-
notes max(0,z) and |x|; denotes min(1, ). To simplify the presentation of the rules, some
conventions are assumed. In those cases where computating a bound of the probabilistic
component of the conclusion requires division by zero, that bound shall be taken to be zero
if it is a lower bound and one if it is an upper bound. In those cases where an inference rule
derives a sentence whose probabilistic component is an expression [z y] where x > y, such

9Observe that an execution converges to @) only if it finitely converges to 0.



(v) (vi)

Planp|o) e [z y] P(Gland)elry]

P(p16) € [uv] P(aAp|é) € [unv]

Pla|BAd) € [z/v 2] P(alé) € [u/y |v/x]i]

Lify > u provided y > u, x >0, y >0
where z =< 0ify=u =0
y/u otherwise

provided z < v, v > 0.
(vii) (viii)

P(3]6) € [v 4]

P(a|SA6) € [uv] Plag |1 Ad) € [w 2]

P(aAB|é) € [x-uy-v] Plo;|aipi ANb) €y, 1<i<k—1

Plajpi|asAd)eu v, 1 <i<k—1
Plarax A 0) € (o [0y 2) (=157 2]

(ix)

Pla|BA6) € 21 1]

P(Bland) e [zz ys)

P(y[BA0) € [uy v1]

P(ﬁ | vy A (5) € [UQ ?JQ]

P(7]and) € [re 5010 min(1, 1- 2yt 20 2)]

Figure 2: Inference rules with non-fixed conditioning sentence.



P(316) € [00]
Pla|BAé) €D

(xii)

P(a|f) € [z y]
P(a|é) € [z y]

provided 3 logically equivalent to é

(xiv)

P(a|é) € [z y]
P(56) € [ 1]

provided « entails 3

(xvi)

(xv)

(xvii)

(xix)

P(ald) e [L1]

provided ¢ entails «

P(3]é) €[z y]
P(a|é) c[0y]

provided « entails 3

P(
P(

) €[z 9]

) € [uv]

[ S

QQQ

|
|
P(a]

) € [max(z,u) min(y,v)]

P(ald) el
P(a|bd)e J
provided I C J

Figure 3: Inference rules not based on logical connectives.
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P(5]6) € [z y]
P(s — a|é) € [uv]
Pa]6) € [latu—11"0)
provided y > 1—wv

(xxii)

P(BA7[6) €[z y]
P(B — alé) e [ur]

PlaApA7Y]8)€ [[e+u—1]" min(y,v)]
(xxiv)

P(f — alé) €z y]
P(y — a|é) € [uv]
P(B A~y — alé) € [max(a,u) [y+v]1]

(xxvi)

Planplé) € [z y]
P(ald) € [z 1]

(xxviii)

P(aVj|é)e [ y]
P(a]é) c[0y]

(xxx)

P(a|é) € [z y]

P(3]6) € [z y]
provided 3 logically equivalent to «

(xxxii)

P(T[6) € [11]

(xxi)

P(afd) € [z y]
P(s — a|é) € [uv]
P(3]6) € [1—v [y+1—u]4]
provided z < v

(xxiii)

Pla— 31é) € [z y]
Pla — v]6) € [uv]
Pla— g Av[8) € [[a+u—1]° min(y, v)]

(xxv)

|
=
&
m
=
2,

(@ Ap[6) € [[e+u—1]" min(y,v)]

(xxvii)
P(afé) e [z y]

P(56) € [uv]
P(a Vv §6) € [max(z,u) [y+v]4]

(xxix)

Planp|é) e[z y]
PlaA=p|6) € [uv]
P(a|é) € z+u |y+v]q]
provided v < 1—z, y < 1-—u

(xxxi)

P(a|é) € [00]

provided « is unsatisfiable

Figure 4: Derived inference rules.
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an expression should be read as the empty set. The conclusion of an inference rule is the
only place where such an expression occurs in this paper. We continue to insist that every
other occurrence of [z y] in this paper, including occurrences in the premises of the inference
rules, denotes a non-empty interval and hence that x < y.

The rules in Figure 1 are essentially rules for unconditional probability sentences that
have been adapted to the conditional setting by considering a fixed conditioning sentence.
That is, the same conditioning sentence is used in each premise and in the conclusion. All of
these rules reduce to non-conditional probability rules by taking the conditioning sentences
to be T'. Rules (i)—(iii) are all derived from the relation P(a Vv ) = P(a)+P(8) — P(a A j).
The provided conditions ensure that the probabilities of the premises are consistent. They
are obtained from two relations. First, the probability of a conjunction cannot be greater
than the probability of either of the conjuncts or of the disjunction of the two conjuncts.
Second, the probability of a disjunction cannot be less than the probability of either of the
disjuncts. The expressions for the derived bounds also take into account these two relations.
For example, in the lower bound of rule (i), the expression v — y + w comes from the above
equation for P(aV ) but if u and y are weak bounds then a tighter bound might be obtained
from the fact that P(a A 3) < P(3). Hence we have max(w, u — y + w).

The rules of Figure 2 operate on sentences in which the conditioning sentence is not fixed.
These rules do not reduce to non-conditional probability rules.

Unlike the rules in Figures 1 and 2, the rules in Figure 3 mention no logical connectives.
These rules are based on semantical relations between the propositional components of the
sentences, the definition of conditioning on a sentence of probability zero, and so on. Rules
(x) and (xi) are based on the logical equivalence of P(a|3) € 0 and P(3) € [0 0]. Rules
(xiv) and (xv) are based on the property that if a entails 3 then the probability of /7 is at
least as great as the probability of a. Rule (xvii) is the multiple derivation rule which gives
our proof system its anytime character. Rule (xviii) allows any sentence to be derived from
an inconsistent set of sentences. It implements the semantic property that no model satisfies
both the sentence P(a|é) € ) and a sentence saying that the probability of § is not zero.
Rule (xix) allows us to expand probability intervals. In particular, from P(a |v) € § we can
derive P(a|~) € I for any I.

The rules in Figure 4 are all derivable from the previous rules in the sense that any
inference performed by the derived rule could be performed by a sequence of previous rules.
For example rule (xxx) is derivable from rules (xiv), (xv), and (xvii). Rule (xx) is derivable
from rules (iv), (i), (xvi), and (xxx) as follows.

P(B|D)e€[xy] given (5)

P(B— A|D)€uv] given (6)
P(-B|D)e[l—y1l—2x] rule(iv) applied to (5) (7)

P(-BV A|D) € [uv] rule (xxx) applied to (6) (8)

P(AANB|D)€[01]  rule (xvi) 9)

P(A|D) €[z +u—1]°v] provided y > 1 —v  rule (i) applied to (7)-(9)  (10)

Several of our rules have appeared elsewhere in the literature or are slight generalizations
of rules that appear in the literature in the sense that we have added a fixed conditioning
proposition é. Rules (xx) and (xxi) are presented by Garvey, Lowrance, and Fischler [13].
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A derivation of rule (xx) can be found in a paper by Dubois [11]. Rule (xxv) for introducing
conjunction is also presented by Ursic [34]. Rules (xxiii) and (xxiv) accomplish a transfor-
mation similar to Pearl’s [29] clustering technique for removing loops in Bayes nets. Rules
(viii) and (ix) are respectively the the generalized Bayes’ rule ' and the rule of quantified
syllogism, presented by Amarger, et.al. [2].

Our inference rules contain all the rules present in Quinlan’s [31] INFERNO system. Since
all of INFERNO’s rules represent bidirectional inference between a pair of formulas, most of
INFERNO’s rules correspond to two of our rules. Rules (i) and (ii) corespond to the rule
labeled “A disjoins-exclusive {s1, s2,...,8,}.” Rules (vi) and (vii) taken together general-
ize the INFERNO rule labeled “A enables S with strength X.” Rule (iv) corresponds to the
rule labeled “A negates S.” Rules (xxv) and (xxvi) correspond to the rule labeled “A con-
joins {s1,s2,...,8,}.” Rules (xxvii) and (xxviii) correspond to the rule labeled “A disjoins
{51, 82, ..., 8,}.” The rules corresponding to INFERNO’s rules for conditional independence
are presented in Section 6. The relationship between our system and INFERNO is discussed
further in Section 7.

4.1 Examples

This section presents three examples illustrating the use of the inference rules and their roles
in performing probabilistic deduction. The first example involves inference with conditional
probabilities and the second two involve inference with unconditional probabilities. In all
three examples, we derive the tightest entailed interval of the target sentence.

4.1.1 Example 2

Consider the following set of sentences concerning the likelihood of a person having the flu,
a cold, a fever, and having a fever given each of the two other conditions.

P(Flu) € [.01.01] (11)
P(Cold) € [.05 .05] (12)
P(Fever) € [.05 1] (13)
P(Fever| Flu) € [.8 .9] (14)
P(Fever|Cold) € [.3 4] (15)

Suppose we want to know the chance that a person has a cold or the flu given that he has a
fever. Our inference rules can be used to derive this conditional probability as follows:

P(Fever A Flu) € [.008 .009]  rule (vii) applied to (11) and (14) (16)
P(Flu| Fever) € [.08 .18]  rule (v) applied to (13) and (16) (17)
P(Fever A Cold) € [.015.02]  rule (vii) applied to (12) and (15) (18)
P(Cold| Fever) € [.15.4]  rule (v) applied to (13) and (18) (19)
P(Cold Vv Flu| Fever) € [.15 58]  rule (xxvii) applied to (17) and (19) 20)

10Bayes’ rule can be derived from this rule and rule (xxxii) by taking k to be 3, and § and a3 to be T.
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We now present two examples demonstrating the use of the inference rules dealing with
unconditional probability, as well as illustrating the anytime character of the rules. In both
examples the rules derive increasingly narrow intervals that finitely converge to the tightest
entailed interval of the target sentence.

4.1.2 Example 3

This example illustrates how rules (xxiii) and (xxiv) can be used to derive the probability
of a conjunction when a logical dependency exists between the conjuncts. Suppose we wish
to derive the tight entailment of B A C' from the following set of sentences:

P(A) € [.61] (21)
P(A— B)e[8.9] (22)
P(A—(C)el91]] (23)
P(B— D) e[5.8] (24)
P(C — D)€ [.8.9] (25)

P(D) € [0 .2] (26)

A graphical representation of these sentences is shown in Figure 5. Simply using rule (xx) to
propagate along implications (22) and (23) and then combining these with rule (xxv) yields
P(BAC) € [0 .8]. A tighter bound can be derived by exploiting the fact that B and C both

depend on A. The derivation goes as follows:

P(A— BAC)€[.7.9] rule (xxiii) applied to sentences (22) and (23) (27)
P(BAC)€[.3.9 rule (xx) applied to (21) and (27) (28)
P(BAC — D)€ [.81] rule (xxiv) applied to (24) and (25) (29)
P(BAC)€[0.4]  rule (xxi) applied to (26) and (29) (30)
P(BAC)€[.3.4] rule (xvii) applied to (28) and (30)

The derived interval is the tightest entailed interval. This derivation could have been stopped
after step (28) to yield non-trivial partial information about the tightest entailed interval of

BAC.

4.1.3 Example 4

This example illustrates the use of rules (xxi), (xxii), (xxv), (xxvi), and (xvii). Consider the
problem of deriving the tight entailment of A A D from the following set of sentences:

P(B — A) €[91] (31)
P(D — B) €[8.9] (32)
P(A— C)c[6.8] (33)

P(D) € [.81] (34)
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Figure 5: Graphical representation of Example 3.
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Figure 6: Graphical representation of Example 4.

P(C) e [.2 4]

(35)

A graphical representation of the sentences is shown in Figure 6. The derivation proceeds

as follows:

P(A)e 2.
P(AND) €
P(BAD)el.

P(ANBAD) €.
P(AAND) €.
P(AAND)e[5.

rule (xxi) applied to sentences
xxv) applied to (36) and
xxii) applied to (32) and
xxii) applied to (38) and

xxvi) applied to (39)

rule
rule
rule

rule

e

rule

o~~~

33) and (35)
34)
34)
31)

xvii) applied to (37) and (40)

Again in this derivation the derived interval is the tightest entailed interval, and non-trivial
partial information about the tightest entailed interval is available already after the second

step of the derivation.
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4.2 Properties of the Inference Rules

We are interested in proving two properties of our inference rules: soundness and quasi-
tightness. We define quasi-tightness as follows. Consider an arbitrary inference rule

P(Oél |61) € ]1

‘P(ozn | 8,) € 1,
Pla|p) el

where n > (. Partition the set of instances of the inference rule such that two instances
are in the same class if, and only if, each instantiates I, [4,..., I, identically. Each class C'
typically contains many different propositional instances of the rule. In any class C', each rule
instance r € (' derives the same interval, I, even though the probabilistic entailment problem
associated with r, ({P(a;|8i) € L}, (a]3)) with the variables appropriately instantiated,
might have a different tightest entailed interval, F,. Let Ec be the smallest interval that
contains F, for every r € C. A rule is quasi-tight if and only if [ C E¢ for every class C.

Let us illustrate this definition by observing that rule (xix) is not quasi-tight. According
to the definition, one of the classes—call it C'—of this inference rule consists of the set of
instances of the form

P(a) €[5 .6]
P(a) € [4 7]

For any way of instantiating «, the tight entailment of a from P(«) € [.5 .6] is [.5 .6], so F¢
is [.5 .6]. Since [.4 .7] is not a subset of [.5 .6], this rule is not quasi-tight.

The quasi-tightness of an inference rule does not imply that the rule derives the tightest
entailed interval for all its instances.!! For example, rule (xx) is quasi-tight but derives
P(A) € [.5 1] from P(A) € [.5.6] and P(A — A) € [1 1], even though [.5 1] is clearly not the
tightest entailed interval. This loss of information arises because the rule does not account
for the equality of o and ( in this instance.

Theorem 2 Inference rules (i)—(xviii) and (vx)-(xaxii), which are shown in Figures 1, 2,
3, and 4 are both sound and quasi-tight, and rule (zix) is sound.

Proof: As an example, we prove the quasi-tightness and soundness of rule (v). The proofs
for the other rules are similar.

To prove the soundness of rule (v), suppose that M is a model that satisfies both
PlaAplé) €z y] and P(F]6) € [uv], and that v > 0. The existence of a model satisfying
the premises is guaranteed by the provision & < v which ensures that the probabilities of
the premises are consistent. If [P(8§)]" = 0 then M satisfies the conclusion of the rule.
Otherwise,

[Pan B A8 [P(5 A 5)]"
7 > v and ————7— <,
[P(8)] [P(8)]

UFor this reason, we eschew the use of the possibly misleading term “local completeness” [2] for the
quasi-tightness property.
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Then by the semantic definition of conditional probability, a lower bound on P(a | A 6) is
z/v. For the upper bound, we must consider the three cases for z. In the first case, y > u,
the derived upper bound of 1 is trivially sound. In the second case, y = v = 0, we have
also that * = 0. Consider the models in which the probability of é is nonzero. In these
models o A § has probability zero. We have two classes of such models. In one class, M,
3 has nonzero probability, so [P(a |5 A é) € [0 O]]]M1 = True. In the other class, M3, 3 has
probability zero, so P(a | 3 A é) can be in any interval, including [0 0]. So in the case where
y = u = 0 the tightest entailed interval is [0 0]. In the last case we have
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Hence an upper bound on P(a | A6)is 1if y > u, 0if y = u =0, and y/u otherwise.

To prove the quasi-tightness of rule (v), consider an arbitrary equivalence class of all
instances that instantiate x,y, u, v identically and where v > 0 and = < v. We must show
that the computed lower bound is greater than or equal to the lower bound of the tightest
entailed interval of some instance in the class, and that the computed upper bound is less
than or equal to the upper bound of the tightest entailed interval of some instance in the

class. This is accomplished by showing that for the single instance in which «, # and ¢ are
instantiated with A, B and T, respectively, there exist models, My, My, Mz, and M, of the
premises such that

[P(A|BAT) € [z/v x/v]]]ﬁl = True,
[P(A|BAT) € [y/uy/ul]™ = True.
[P(A|BAT) e [11]]" = True, and
[P(A|BAT)e[00]]" = True.

Model M; shows the tightness of the lower bound and models M,, M3, and My show the
tightness of the upper bound, covering the cases in which y < w, y > u, and y = v = 0,
respectively. The existence of a model satisfying the premises is guaranteed by the provision
on the rule which ensures that the probabilities of the premises are consistent. In the
soundness proof we showed the existence of model My. We now construct the remaining
models.

First we construct M;. Let [P(B)]* = v, [P(4)]"" = z/v, and A and B be condition-
ally independent in M. Then M satisfies the rule premises and

[P(AABATY"
[P(BATI"
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Next we construct M. Let [P(B)]*” = u, [P(A)]" = y/u, and A and B be condition-
ally independent in M,. Then M; satisfies the premises and

[PAANBAT™
[P(BATY

Finally we construct Ms. Since y > u and = < v, there must exist some value z in the
intersection of [z y] and [u v]. Let [P(B)]"* = z and let A be satisfied by precisely the same
worlds in M3 that satisfy B. Then Msj satisfies the premises and

[P(AABAT]M
[P(B AT

z
=-=1.
z

5 Restricted Entailment Problems

This section identifies two types of restricted probabilistic entailment problems involving
only unconditional sentences: type-A and type-B. We prove that a particular subset of the
inference rules from Figures 3 and 4 are complete for type-A problems, and we conjecture
the completeness of a larger rule set for type-B problems.

In a type-A or type-B probabilistic entailment problem, (U, ¢), U is a finite set of sen-
tences, each of which is either a fact or an implication. A fact is of the form P(«) € I, and an
implication is of the form P(a — ) € I, where o and /3 are atomic propositional sentences.
Furthermore, the probabilistic component of an implication in a type-A problem must be
[1 1]. In type-A problems ¢ must be an atomic proposition, and in type-B problems it must
be a conjunction of atomic propositions. Thus every type-A problem is a type-B problem.
The form of type-A and type-B problems is summarized in Table 1.
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Table 1: Form of type-A and type-B problems.

‘ Problem Type H Implications ‘ Facts ‘ Queries
type-A Pla—p)e[ll] |Pla)el |~y
type-B Pla—p)el |Pla)el|nA A

where «, 3,7, ~; are all atomic propositions.
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5.1 Type-A Problems

This section shows that inference rules (xx), (xxi), (xvi), (xvii), and (xviii) form a complete
proof system for type-A probabilistic entailment problems. We call these five rules the type-A
rules.

When the type-A rules are applied to type-A problems, a and 3 range over proposition
letters. Since sentences in type-A problems are unconditional and all implications have a
probabilistic component of [1 1], inference rules (xx) and (xxi) can be simplified to

(xx) (xxi)

P(j) € [z y] P(a) € [z y]
P(f—a)elll] P(f—a)elll]
P(a) € [z 1] P(3) €0yl

We illustrate the type-A inference rules by using them to perform the derivation from
Example 1 of Section 3. Suppose we wish to derive the tight entailment of A from sentences
(1)—(4). A successful derivation is as follows:

P(A) € [.21] rule (xx) applied to sentences (1) and (3) (41)
P(A) €]0.6] rule (xxi) applied to sentences (2) and (4) (42)
P(A) € [.2.6]  rule (xvii) applied to sentences (41) and (42) (43)

In working on a type-A probabilistic entailment problem, (¥, ¢), the type-A rules need
only be applied a bounded number of times. Thus, because the rules are sound and complete,
they can form the basis of an algorithm for solving type-A probabilistic entailment problems.
To see that the number of rule applications can be bounded, first notice that rules (xx),
(xxi), and (xvii) can only derive from ® a sentence whose logical component is an atom
that occurs in ®. Furthermore, notice that the ability to infer a sentence whose logical
component is ¢ is not affected by restricting the application of rules (xvi) and (xviii) to only
those cases where they infer a sentence whose logical component is an atomic proposition
that occurs in W U {¢}. We call this the relevance restriction and refer to the type-A rules
with this restriction imposed as the restricted type-A rules. The restricted type-A rules can
never generate new atomic propositions or new endpoints for the probability bounds. Since
U U {¢} is finite, it contains only a finite number of propositional sentences and a finite
number of probability bounds. Therefore, only a finite number of sentences can be inferred
using the restricted type-A rules.

We now show that the restricted type-A rules are complete for type-A probabilistic entail-
ment problems. As previously mentioned, the addition of rule (xix), the interval expansion
rule, makes the system complete in the usual sense.

Theorem 3 Taken together, inference rules (xx), (xxi), (xvi), (xvii), and (xviii) with the
relevance restriction are complete for type-A probabilistic entailment problems.

Proof: Consider solving the type A probabilistic entailment problem (W, ¢) by using the
restricted type-A rules. If P(a) € 0 can be inferred for some «, then P(¢) € 0 can be
inferred with rule (xviii). In such cases, the tightest entailed interval, §, is inferred. Now
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assume that no formula of the form P(a) € 0 is inferable. If I is the tight entailment of ¢
from U we need to show that for some [z y] C [ there is a derivation of P(¢) € [z y] from ¥
using the restricted type-A rules. Since [z y] C [ if and only if € [ and y € I, it suffices
to show that that some model of U assigns ¢ probability  and some model of ¥ assigns ¢
probability y.

From the above discussion about the finiteness of inference with the restricted rules, it
follows that for any atomic proposition « that occurs in W U {¢} there is a smallest interval
I such that P(«) € I can be inferred from U using the restricted type-A rules. Call this
interval [l, u,]. We construct a model, M, of ¥ such that [[P(qb)]]M = ls. In a similar way,
one can constriuct a model of ¥ such that [[P(qb)]]M = Ugp.

Let Ay, ..., A, be the propositional letters that occur in WU {¢} ordered so that [4, < 4,
if ¢« < j. Let {wy,...,w,} be a set of worlds such that the only atoms satisfied by w;
are A;, ..., A,. Let M be the model that contains the worlds {w;,...,w,} and assigns
probability {4, to w; and probability [4, — l4,_, to each w;, 2 <7 < n. So [[P(Ai)]]M = 4,
for every 1 <7 < n. All that remains is to show that M satisfies W. Let ¢ be an arbitrary
sentence in W. Consider two cases:

Y is P(A;) € [z y]: Then l4, > . Furthermore, l4, < y, or else P(A;) € ) would be inferable,
contrary to assumption. So, M satisfies 1.

¢ is P(A; — Aj) € [1 1]: Inference rule (xx) guarantees that [y, > l4, and thus, by the
construction of M, every world in M that satisfies A; also satisfies A;. So M satisfies

. O

5.2 Type-B Problems

Consider now type-B probabilistic entailment problems. The proof system for this problem
type consists of inference rules (xx)—(xxvi), (xvi), (xvii), and (xviii). All the propositional
meta-variables in the inference rules are now taken to represent either atomic propositions or
conjunctions of an arbitrary number of atomic propositions. Examples 3 and 4 from Section
4.1 are type-B entailment problems. In both those examples, the inference rules derive the
tightest entailed interval for the target sentence. We conjecture these inference rules to be
complete for type-B problems, though we do not have a proof.

6 Reasoning about Probabilistic Independence

The inference rules shown in Figures 1, 2, 3, and 4 do not cover all of the inference rules
present in Quinlan’s [31] INFERNO system. In this section we show that we can easily add
generalizations of the rules that INFERNO has for reasoning about probabilistic independence.
The ability to readily add new inference rules, such as those that capture the inferences
performed in network-based systems, demonstrates the flexibility of our approach.

We extend the current language by introducing an independence operator. We express
the fact that ¢ is independent of ¢ given ¢ with an independence sentence of the form
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(xxxiii) (xxxiv)
P(a|6) € [z 9] P(ald) € [z y]
P(3]6) € [uv] PlaABlo) € [uv]
Indep(a, 6, 3) Indep(a, 6, 3)
PlaAnp|d) € la-uy-v] P(36) € [u/y [v/x]1]
(xxxXV) (xxxvi)
P(a|6) € [z 9] P(ald) € [z y]
P(3]6) € [uv] PlaV p|é) € [uv]
Indep(a, 6, 3) Indep(a, 6, 3)
Planp|é) € lztu—a-u y+o—y-v] P(Blo) € [[(u-y)/(1-y)]° (v—2)/(1-2)]
(xxxvii) (xxxviii)
Indep(a, 6, 3) Indep(c,6,7)
Indep(3, 6, a) Indep(3,67)

provided « and # are equivalent

Figure 7: Inference rules for independence.

Indep(¢, 6,¢). The associated semantic definition is

[Indep(¢,8,)]Y = True iff [P(¢AEA]Y =[P(6 A 8] - [PEASHY

This independence operator is similar to that used by Pearl [29] to axiomatize properties of
independence.

Figure 7 shows six rules for reasoning about independence. Rules (xxxiii)—(xxxvi) deal
with conjunctions and disjunctions of independent propositions. These rules are similar
to rules (xxv)—(xxviii), but use independence information to derive tighter bounds. Rules
(xxxiii) and (xxxiv) taken together are a generalization of the INFERNO rule labeled “A
conjoins-independent {si, ss,...,5,}.” Rules (xxxv) and (xxxvi) are a generalization of the
INFERNO rule labeled “A disjoins-independent {si, sq, ..., 8,}.”

7 Related Work

This section first compares the notion of anytime deduction to other work on anytime com-
putation in artificial intelligence, and then compares our method for computing probabilistic
entailment to other methods.
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7.1 Other Work on Anytime Computation

The notion of anytime computation in Al can be traced back to our original proposal for
performing deduction in probabilistic logic [16].'%!? In that work the deduction method is
called “convergent deduction” because the focus is on the convergent nature of the inference
process. We call the procedure “anytime deduction” here because our principal focus is
the ability to provide partial information at any time, regardless of whether convergence is
ultimately attained.

Dean and Boddy [9] coined the term anytime algorithm in the context of work that
explored issues in time-dependent planning. They defined an anytime algorithm as one that

i) lends itself to preemptive scheduling techniques, i) can be terminated at any
time and will return some answer, and i) returns answers that improve in some
well-behaved manner as a function of time.

Criterion (4ii) means that we have some notion of the marginal improvement in an answer as
a function of a marginal increase in computation time. Since then researchers have presented
anytime algorithms for other Al problems [10; 37]. The concept of an algorithm that produces
approximate answers that improve with time has also appeared in the literature on data base
theory [33; 8; 6; 36] and real-time systems [22; 21; 7]. In the literature on real-time systems,
such algorithms are known as imprecise, monotone algorithms.

Concurrent with Dean and Boddy’s work, Horvitz [19] presented a general decision-
theoretic framework for reasoning about the optimality of computational methods operating
under constraints on time and other resources. He contrasts partial strategies with traditional
algorithms that either find a solution in the time given or provide no information. A partial
strategy computes partial results that have some utility in an amount of time less than
that required to compute a complete solution. Partial strategies are weaker than Dean and
Boddy’s anytime algorithms because they need not improve in a “well-behaved manner.”
Horvitz goes on to identify a stronger class of partial result strategies called incremental-
refinement policies that improve their solutions as a “continuous or bounded-discontinuous,
monotonically increasing function of allocated resources.” Horvitz’s incremental refinement
policies correspond roughly to Dean and Boddy’s anytime algorithms.

Because they must provide partial answers that are correct and improve monotonically,
anytime deduction procedures are stronger than Horvitz’s partial strategies. However, since
they need not provide partial answers that are well-behaved in the manner specified by Dean
and Boddy, anytime deduction procedures are weaker than anytime algorithms.

7.2 Other Methods for Computing Probabilistic Entailment

Toward the end of his paper, Nilsson suggests a way to use his method to compute bounds
on conditional probabilities. Since P(«a | 5) = P(a A 3)/P(/3), he suggests using the matrix

12Quinlan’s [31] INFERNO system is also an anytime deduction procedure but he did not present or discuss
it as such.

13Tn 1986 Haddawy [15] presented an inference system based on Michalski and Winston’s [23] Variable
Precision Logic that could vary the precision of its inference to produce an answer to a given query within a
specified amount of time. That system, however, lacks the important property that all partial answers are
correct.
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method to compute bounds on the numerator and denominator and then using those bounds
to compute bounds on P(«a | 3). To obtain the lower bound one would divide the lower bound
of the numerator by the upper bound of the denominator. The upper bound would be
obtained similarly. The problem with this approach is that the numerator and denominator
may be logially related in such a way that a tighter bound could be obtained. For example,
suppose we are given that P(AA (AA B)) € [.1 .5] and P(A A B) € [.2 .3] and we wish to
compute P(A|(A A B)). From the two premises Nilsson’s matrix method would determine
that P(AA (A A B)) € [.2 .3]. Computing the conditional probability as described above
would produce P(A|(A A B)) € [.67 1]. This is a sound inference but it is not tight. The
tightest entailed interval, computed by our rule (xiii), is [1 1].

Several elaborations on Nilsson’s basic method for computing probabilistic entailment
have been presented in the literature. Van der Gaag [35] shows how a probabilistic entailment
problem involving independence constraints may be structured using Pearl’s [29] notion of an
[-map and the linear optimization method applied to local groups of sentences. The approach
requires the explicit representation of all probabilistic dependencies between sentences and
thus treats sentences as atomic propositions. Shvaytser [32] presents a specialized inference
procedure that identifies the set of sentences assigned probability one by a given model. Ursic
[34] proposes computing probabilistic entailment for unconditional propositional probabilistic
logic by using linear programming techniques in a more flexible way than Nilsson does. The
approach allows one to partition the set of propositions and perform optimization on only
a subset of the propositions at a time. The more propositions one considers simultaneously,
the greater the precision of the method. As elaborations on Nilsson’s basic method, all
of these approaches have the drawback that they require finding consistent assignments of
truth values to a set of sentences.

Bundy [4] presents a method for computing probabilistic entailment that he calls in-
cidence calculus. Incidence calculus represents the probability of a logical sentence as an
incidence or set of points. A point can be thought of as a possible world or as a particular
outcome in a sample space. Points have probabilities associated with them (typically the
distribution is taken to be uniform) and the probability of a sentence is just the sum of the
probabilities of its associated points. The set of points need not be exhaustive—the greater
the number of points, the greater the accuracy of the probabilities. Probabilistic inferences
are made by performing set operations on the incidences.

Bundy presents an algorithm, the Legal Assignment Finder, that, given bounds on the
incidences of a set of sentences, computes increasingly tighter bounds on the incidences
of those and other sentences. The bounds are represented in terms of relations among the
supremum and infimum of the incidences of the sentences. Since bounds on incidences induce
bounds on the probabilities of their associated sentences, by tightening the bounds on the
incidences of sentences the algorithm in effect computes increasingly tighter bounds on the
probabilities of the associated sentences. This algorithm fits our definition of an anytime
deduction procedure and is shown to be both sound and complete for unconditional sentences
of 'CPL [5]

The major drawback of Bundy’s approach is the lack of a general mechanism for as-
signing the initial incidences to a set of sentences, given their probabilities. The difficulty
arises because each point has a probability associated with it so that assigning incidences to
sentences can result in specifying correlations among the sentences that were not specified
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in the original probabilities associated with the sentences. The need to assign initial inci-
dences poses the same computational problems for incidence calculus as does the problem
of computing consistent truth assignments for Nilsson’s method for computing probabilistic
entailment. Assigning initial incidences from probabilities requires determining consistent
truth assignments to the set of sentences. This problem is NP-complete for propositional
logic and undecidable for first-order logic. So the Legal Assignment Finder is an anytime
deduction algorithm for only part of the probabilistic entailment problem.

It one is concerned only with finding a complete solution to a probabilistic entailment
problem in propositional probabilistic logic, then anytime deduction may be no faster than
systems based on the methods of Nilsson or Bundy. However, our approach has the major
advantage that it can produce partial answers without expending great computational effort.
Although we do not have a complete inference method for general probabilistic entailment,
even an incomplete anytime deduction procedure may be preferable to a complete procedure
based on Nilsson’s or Bundy’s methods.

Our anytime deduction procedure is most similar in spirit to Quinlan’s [31] INFERNO
system. INFERNO encodes formulas as a network, with nodes representing propositions and
links between them representing relations between a node and a set of nodes. The relation
may indicate that a node represents the conjunction, disjunction, or negation of another
node or nodes. It may also indicate that the conditional probability of a node given another
node is bounded by some value. Quinlan provides a set of combination and propagation
rules, and points out that they are sound but not complete. In operation, INFERNO is an
anytime deduction procedure much like ours. It computes probability bounds by initially
assigning all propositions the trivial bounds [0 1] and then computing increasingly narrower
intervals as some nodes are assigned tighter bounds and information is propagated. As in
our method, different probability bounds for the same proposition can be intersected.

INFERNO differs from our approach in one major way: INFERNO can reason about only
those logical dependencies that are are explicitly represented by links between nodes. For
example, to represent the conjunction A A B, the network must contain a node for A, a node
for B, and a node for the conjunction. So INFERNO cannot generate new formulas from old
formulas and subformulas. It can only reason about the probabilities of formulas and their
subformulas explicitly encoded in its network. As a consequence, INFERNO cannot perform
the inferences in Examples 2, 3, or 4. This limitation is inherent in the network approach
and could not be remedied by simply adding inference rules.

In our approach, logical dependencies are represented by the logical structure of sentences
and we have inference rules that combine logical sentences to create new logical sentences.
For example, by introducing new formulas, which are not subformulas of the premises, rules
(xxii)—(xxv) perform inferences of which INFERNO is not capable.

Amarger, DuBois and Prade [2] present a network propagation based method of com-
puting bounds on conditional probabilities of interest given bounds on other conditional
probabilities. Nodes in their networks represent propositions and edges represent conditional
probabilities. They extend INFERNO with two new rules: the generalized Bayes’ theorem and
the quantified syllogism rule, which we have included as rules (viii) and (ix), respectively.
They point out that the two rules are sound and locally complete. Although they do not de-
fine local completeness precisely, it seems to correspond to our notion of quasi-tightness. But
the inference system is not globally complete. In addition to these two rules, they have the
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multiple derivation rule, so their inference system is also an anytime deduction procedure.
They further extend INFERNO’s network approach with rules for introducing new nodes.
These new nodes are limited to conjunctions and disjunctions of nodes in the network.

Ng and Subrahmanian [25; 24] formulate a sound and complete inference system based
on SLD deduction (as used in logic programming) for a class of probabilistic entailment
problems that is almost totally disjoint from those addressed in this paper. Their system
computes the tight entailment of a sentence of the form

El(P(Oél) - ]1 JANEERIAY P(Oén) € ]n)7 n Z 1,
from a finite set of sentences, each of which is of the form

where § and each «; is a conjunction or disjunction of atomic formulas. (In [25], 3 can only
be an atomic formula.) In their latter paper [24] each interval I; can be a complex expression
containing variables, thus allowing one to express that the conditional probability of A given
B is in the interval [z y] by writing

V(P(B)e[Vi Vo] = P(AAB) €lx*Viy=*Vy]),

where V; and V; are variables ranging over probability values. Though the atomic formulas
in their language may contain variables, they contain no function symbols of arity greater
than zero, and the variables range over the zero-arity function symbols. Thus each sentence
in the language is schematic for a finite set of variable free sentences and therefore their
system is essentially propositional. Inference is performed by an initial stage in which new
definite clauses are inferred from the original definite clauses followed by a second stage that
reasons backward from the query in the style of logic programs. Because the need for the
multiple derivation rule is “compiled out” by the first stage, their system does not obtain
any of the characteristics of anytime deduction.

8 Summary and Conclusions

This paper has identified and discussed the important notion of anytime deduction proce-
dures. Anytime deduction procedures can return useful partial information even before a
complete proof is found by exploiting the capacity of any multi-valued logic (in this case
probabilistic logic) to express intermediate results. Before the ultimate value, or value in-
terval, of a target sentence is computed, it is possible to have an intermediate result stating
that some truth values have been eliminated. Furthermore, an anytime deduction procedure
based on inference rules—such as the one developed here for probabilistic logic—yields a
proof that explains the line of reasoning used and justifies the conclusion.

We have presented a sound and quasi-tight set of inference rules for a propositional prob-
abilistic logic that includes conditional probabilities. Although the inference rules embody
no assumptions concerning the probability distribution over possible worlds, we have shown
how they can be extended to exploit independence information when it is available. We have
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identified a subset of our inference rules that are complete for type-A probabilistic entailment
problems.

Several directions remain open to future research. It remains to be seen whether a
complete inference procedure can be formulated for all of propositional probabilistic logic.
Beyond propositional logic, the applicability of anytime deduction to first-order probabilistic
logic needs to be explored since the addition of quantification produces a language with
greatly increased expressive power. The advantages of anytime deduction would be even
greater for first-order probabilistic logic. Another direction worth exploring is the application
of anytime deduction to multi-valued logics other than probabilistic logic.

Probabilistic inference is primarily useful because it provides information for decision
making. Furthermore, the time/precision tradeoff made available by anytime deduction can
be controlled effectively only in a particular decision context. Thus, the use of anytime
deduction procedures in the context of decision procedures should be explored.!* For exam-
ple, anytime deduction could be used in a planning system to compute increasingly narrow
bounds on the expected utility of alternative plans. These bounds would impose a partial
order over the set of alternative plans. As the inference process progressed this set would be-
comed more ordered. Such a procedure could be stopped at any time to yield the current set
of undominated plans, allowing a planning system to adapt flexibly under time constraints.
Guidance in applying anytime deduction procedures to decision problems could be provided
by Horvitz, Cooper, and Heckerman’s [20] framework for reasoning about actions under time
constraints. Their work explores how to optimally control methods of computing probability
bounds in Bayes nets, showing how knowledge of the rate of convergence of the probability
bounds can be used to control the optimal allocation of inference time.
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