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The need to reason with imprecise probabilities arises in a wealth of situations ranging
from pooling of knowledge from multiple experts to abstraction-based probabilistic plan-
ning. Researchers have typically represented imprecise probabilities using intervals and have
developed a wide array of different techniques to suit their particular requirements. In this
paper we provide an analysis of some of the central issues in representing and reasoning
with interval probabilities. At the focus of our analysis is the probability cross-product
operator and its interval generalization, the cc-operator. We perform an extensive study
of these operators relative to manipulation of sets of probability distributions. This study
provides insight into the sources of the strengths and weaknesses of various approaches to
handling probability intervals. We demonstrate the application of our results to the prob-
lems of inference in interval Bayesian networks and projection and evaluation of abstract
probabilistic plans.

1. Introduction

In recent years the use of imprecise probabilities has found application in a
wealth of areas. Imprecise probabilities can be used to facilitate elicitation when
the available domain knowledge is insufficient to specify exact probabilities [10,21],
or when eliciting knowledge from multiple experts [19]. They may result from the
abstraction of more detailed probabilistic models [2,12], and are useful in studying
sensitivity and robustness in probabilistic inference, e.g., in Bayesian networks [4].
The use of imprecise probabilities is even advocated as an alternative representation
of belief by researchers who do not feel comfortable with the paradigm of Strict
Bayesianism which requires exact probabilistic models [17,18,27].

While several methods exist to represent imprecise probabilities, representation
using intervals is the most commonly used approach. Researchers working on the
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problems mentioned in the previous paragraph have developed a number of tech-
niques for handling probability intervals. But to date we lack a uniform and com-
prehensive study of the central issues concerning representation and manipulation of
probability intervals. In this paper, we make the first steps towards such a study.
Our approach originates from the observation that the probability cross-product oper-
ator lies at the hearts of numerous computations such as probabilistic plan projection,
expected utility computation, and Bayesian network propagation. We present an in-
terval generalization of this operator, called the cc-operator,1 and provide a throrough
analysis of some key properties of the cc-operator relative to manipulation of sets
of probability distributions. We then show how the cc-operator can be substituted
for the probability cross-product to produce interval versions of plan projection and
Bayesian network propagation algorithms. Our Bayesian network propagation algo-
rithm is based on Dechter’s Bucket Elimination algorithm [6]. We draw upon our
theoretical analysis of the cc-operator to produce efficient versions of these gener-
alized algorithms. Our approach rests on the well-developed area of finite convex
geometry. Thus our results are applicable to problems with discrete finite probability
distributions.

The rest of this paper is organized as follows. We start section 2 with a quick
review of several convex geometric concepts most relevant to our analysis. We then
define and analyze the cc-operator. In section 3 we define the concept of cc-trees,
which are data structures that have cc-operators as basic building blocks. These data
structures, in particular their interval and probability versions, icc-trees and pcc-trees,
will be used throughout our analysis. In section 4, we present the theoretical founda-
tions of an abstraction-based probabilistic planner, DRIPS [13], where the cc-operator
plays a fundamental role. In section 5, we use the concept of icc-trees to develope an
interval version of Dechter’s Bucket Elimination algorithm for propagation in interval
Bayesian networks. For both plan projection and Bayesian network propogation, the
probability bounds computed by our algorithms are correct but not tight. We sug-
gest an explanation for the difficulty of computing tight probabilistic bounds in the
above problems. In section 6, we return to analyzing the cc-operator. In particu-
lar, we investigate pcc-trees as a new approach to represent convex sets of proba-
bility distributions. We show that the class of pcc-trees is identical to the class of
polytope-like sets of probability distributions, and that in a special case, Dempster–
Shafer belief functions, when viewed as lower envelopes of sets of probability dis-
tributions, can be represented by 2-level pcc-trees in at least two different ways. In
section 7, we address the issue of evidential updating with pcc-trees. The in-depth
study of the cc-operator provides an insightful explanation of why updating with
pcc-trees in general and with belief functions in particular is difficult. The latter
issue has been a subject of extensive study, and our analysis adds a new perspective
to it.
1 “cc” stands for “convex combination”. It was originally called affine-operator in [12]. We adopt this

new term in accordance with standard convex geometry terminology.
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2. Probability cross-product and the cc-operator

We start with a brief introduction of some basic concepts of convex geometry.
For more details, see [11].

The d-dimensional Euclidean space is the d-dimensional vector space <d
equipped with the inner product 〈 〉, which is defined for any pair of points x, y ∈ <d
as 〈x, y〉 =

∑d
i=1 xiyi. A convex combination of the points x1, . . . ,xn ∈ <d is a linear

combination λ1x1 + · · · + λnxn, where λi > 0, i = 1, . . . ,n, and λ1 + · · · + λn = 1.

The coefficients λi are called convex coefficients, and the sum is denoted by
cc∑

. This
sum is also called the probability cross-product of 2 vectors whose components are λi
and xi. For any set K ⊆ <d, the convex hull of K, denoted by conv(K), is the set of
all convex combinations of the points from K. A set K ⊆ <d is said to be convex if
K = conv(K). A mapping φ from a convex set K ⊆ <d to <e is said to be a convex

mapping if it preserves convex combinations, i.e., φ(P
cc∑
n
i=1λixi) =

cc∑
n
i=1λiφ(xi),

for all points xi ∈ K and convex coefficients λi. A convex mapping always maps
convex sets into convex sets. The convex hull of a finite set of points is called a poly-
tope. Given a polytope K, the smallest set of points whose convex hull is equal K is
called the set of vertices of the polytope. The polytope whose vertices are the points
(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1) is exactly the set S of all probability distri-
butions over a sample space Ω of cardinality d and is called the probability simplex.
For example, the probability distribution P over the sample space Ω = {s1, s2, . . . , sd}
corresponds to the point (P (s1),P (s2), . . . ,P (sd)) in S.

We now define the generalized version of the probability cross-product, the cc-
operator. In the rest of the paper, an interval is implicitly understood as a closed
subinterval of [0, 1].

Definition 2.1. Given a vector ~Λ = (Λ1, . . . , Λn) of intervals and a vector ~W = (W1,
. . . ,Wn) of subsets of <d, the cc-operator maps the pair ~Λ, ~W to a subset of <d,
denoted by ~Λ⊗ ~W , and is defined as

~Λ⊗ ~W =

{ cc∑
n
i=1λixi | λi ∈ Λi, xi ∈Wi, i = 1, . . . ,n

}
.

We sometimes write ~Λ ⊗ ~W as
cc∑
n
i=1ΛiWi. In the case when Wi are also

intervals, we call this sum the icc-operator sum (letter “i” stands for “interval”) and

denote it by
icc∑

. The cc-operator sum ~Λ⊗ ~W is a special case of the Minkowski sum,
a familiar notion in convex geometry. The difference between the two sums is that

the coefficients λi in the cc-operator sum add up to 1 (note the
cc∑

notation), which
is not required in Minkowski sums. Below are a few properties of the cc-operator,
which constitute the basis of our framework, and should help the reader visualize this
concept.
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Fact 1. Any probability distribution P ∈ S can be expressed as a cc-operator sum as
P = (P (s1), . . . ,P (sd)) ⊗ ({s1}, . . . , {sd}), where si represents the ith vertex of the
probability simplex.

Fact 2. If Wi are sets of probability distributions, then ~Λ⊗ ~W is also a set of proba-
bility distributions. In other words, ⊗ is closed on 2S .

Fact 3. If each of the intervals Λi is the entire interval [0, 1], we denote ~Λ ⊗ ~W
as cc( ~W ), or cc(W1, . . . ,Wn). If K is a polytope with vertices {x1, . . . ,xn}, then
K = conv({x1, . . . ,xn}) = cc({x1}, . . . , {xn}).

Fact 4. The cc-operator and convex mappings commute. Specifically, suppose that
K ⊆ <d is a convex set and φ :K → <e is a convex mapping. For any H ⊆ K,
define φ(H) as φ(H) = {φ(x) | x ∈ H}. Then

φ

( cc∑
n
i=1ΛiWi

)
=

cc∑
n
i=1Λiφ(Wi).

Theorem 2.2. The cc-operator and convex hull operator commute. Specifically:

conv

( cc∑
n
i=1ΛiWi

)
=

cc∑
n
i=1Λiconv(Wi).

Proof. Let K =
cc∑
n
i=1ΛiWi. To prove the “⊆” relation, let us consider a convex

combination of elements of K: y =
cc∑
k
j=1ηjyj (yj ∈ K). Each of the points yj ∈ K

can be written as yj =
cc∑
n
i=1λjixji, where λji ∈ Λi and xji ∈Wi. Then

y =
cc∑

k
j=1ηjyj =

cc∑
k
j=1ηj

( cc∑
n
i=1λjixji

)
=

n∑
i=1

k∑
j=1

ηjλjixji

=
cc∑

n
i=1

( cc∑
k
j=1ηjλji

) cc∑
k
j=1

ηjλji∑k
j=1 ηjλji

xji ∈
cc∑

n
i=1Λiconv(Wi).

To prove the “⊇” relation, consider an element y =
cc∑
n
i=1λiyi of the right hand

side, where λi ∈ Λi, yi ∈ conv(Wi). We need to show that y ∈ conv(K).

Observe that since y1 ∈ conv(W1), y1 can be written as y1 =
cc∑
l
j1=1η1j1x1j1

where x1j1 ∈W1, ∀j1 = 1, . . . , l. Thus

y=
cc∑

n
i=1λiyi = λ1

( cc∑
l
j1=1η1j1x1j1

)
+

n∑
i=2

λiyi

=
cc∑

l
j1=1η1j1

(
λ1x1j1 +

n∑
i=2

λiyi

)
.
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From the above equality, we see that in order to show that y ∈ conv(K), it is
enough to show that λ1x1j1 +

∑n
i=2 λiyi ∈ conv(K). Repeating the above lines of

reasoning (n− 1) times, the problem is eventually reduced to showing that λ1x1j1 +
λ2x2j2 + · · · + λnxnjn ∈ conv(K), which is trivial since the left side is actually an
element of K and thus must be in conv(K). �

3. cc-trees, icc-trees, pcc-trees

In this section we introduce the concept of cc-trees and its special cases: icc-trees
and pcc-trees. These trees can be viewed as data structures that encode, among other
things, sets of real numbers and sets of probability distributions.

A cc-tree is a rooted, annotated tree where the branches are annotated with
intervals and the nodes are annotated with sets of points in <d, subject to the following
constraint. For any internal (i.e., non-leaf) node N with children {C1, . . . ,Ck}, the set
that annotates N (denoted D(N )) is the result of applying the cc-operator defined by
the intervals that annotate the branches (N ,Ci) (denoted by Λi) to the sets that annotate

the children Ci (denoted D(Ci)). Formally, this means D(N ) =
cc∑
k
i=1ΛiD(Ci). Thus,

a cc-tree is completely defined by specifying the sets of points associated with the
leaves and the intervals associated with the branches. Intuitively, this tree encodes the
set of points obtained by applying the cc-operator from the leaves up toward the root.

Cc-trees whose leaves are annotated with intervals are called icc-trees. Figure 1
depicts an example of an icc-tree. We now discuss the evaluation of the icc-operator

sum
icc∑
n
i=1ΛiWi, where Λi ⊆ [0 1] and Wi ⊆ < are closed intervals. Note that the set

of convex sets of real numbers is exactly the set of intervals. It then follows directly

from theorem 2.2 (cc-operator and convex hull operator commute) that
icc∑
n
i=1ΛiWi is

also an interval. We show that it is a closed interval by showing how the lower and

Figure 1. Example of an icc-tree.
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upper bounds are explicitly obtained. Due to symmetry, we will consider only the
upper bound.

Obviously, the upper bound must be achieved by maximizing
cc∑
n
i=1λiui, where

λi ∈ Λi and ui are upper bounds of Wi. This is a special case of the continu-
ous knapsack problem: to pack materials from n different categories into a unit size
knapsack, where material from category number i has value ui and weight restric-
tion Λi (meaning that the weight must be in the interval Λi). The objective is to
maximize the total value, which can be achieved using a greedy approach as fol-
lows. We first sort the values ui in descending order, breaking ties arbitrarily. Then
proceeding in this order, we try to put into the knapsack as much material of the
current category as possible, subject to two constraints: (1) the weight must be in
the constraint interval Λi, and (2) the sum of the already assigned weights must be
at most one minus the sum of the lower bounds of the remaining constraint inter-
vals.2 The first restriction is explicitly mandatory from the description of the problem,
while the second one ensures that the lower bound condition will be satisfied in the
future.

Example 3.1. Let us compute
icc∑3
i=1ΛiWi, where Λ1 = [0.2 0.4], Λ2 = [0.2 0.3],

Λ3 = [0.4 0.5], W1 = [0 5], W2 = [2.4 3], W3 = [1.6 3.5]. Thus, u1 = 5, u2 = 3,
u3 = 3.5. First, we assign weight to material number 1, which is computed as
min{0.4, 1 −0.2 −0.4} = 0.4. The remaining weight is thus 1 − 0.4 = 0.6. We
then assign weight to material number 3: min{0.5, 0.6 −0.2} = 0.4. And finally,
the weight assigned to the last material is 1 − 0.4 − 0.4 = 0.2, and thus the total
value is 0.4 × 5 + 0.4 × 3.5 + 0.2 × 3 = 4. The lower bound is 1.12. Thus we have
icc∑3
i=1ΛiWi = [1.12 4]. This icc-sum is represented in figure 1 by the tree of depth 1

that contains the root and its 3 children.

Remark 3.2. The complexity of the above algorithm to compute icc-operator sum is
dominated by the sorting of the material values, which is O(n logn).

Of our particular interest are cc-trees whose leaves are annotated with the vertices
of the probability simplex (or more precisely, sets which contain a single element that is
a vertex of the probability simplex). Such trees encode sets of probability distributions
and will be called pcc-trees (the “p” letter stands for “probability”).

Figure 2 depicts several pcc-trees. Suppose that A = {a1, . . . , ak} ⊆ Ω is a set of
vertices of the probability simplex S. The pcc-tree in figure 2(a) represents conv(A),
which is called a face of the polytope S. The pcc-tree in figure 2(b) represents a
polytope-like sets of probability distributions, which is a polytope with vertices Pi ∈ S.
The pcc-tree in figure 2(c) represents a Dempster–Shafer belief function viewed as the

2 Tessem [25] called this step reinforcement, and the analogous step in computing the lower bound
annihilation.
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Figure 2. Examples of pcc-trees. (a) The face conv(A) of the probability simplex where A = {a1,
. . . , ak} ⊆ Ω. (b) A polytope-like set of distributions with vertices {P1, . . . ,Pk}. (c) A Dempster–
Shafer belief function Bel with mass function m and focal elements {A1, . . . ,Ak} represented as a

2-level pcc-tree.

lower envelope of a set of probability distributions. This pcc-tree will be discussed
later in section 6.

4. Abstraction-based probabilistic planning

In the framework of decision-theoretic planning, uncertainty in the state of the
world and in the effects of actions are represented with probabilities, and the planner’s
goals, as well as tradeoffs among them, are represented with utilities. Given this
representation, the objective is to find an optimal plan or policy, where optimality is
defined as maximizing expected utility.

In most of the existing decision-theoretic planning approaches, the world is repre-
sented with a probability distribution over the state space, and actions are represented
as stochastic mappings among the states [1,5,14,26]. Given this framing of the prob-
lem, all probabilistic and decision-theoretic planners face the burden of computational
complexity in seeking an optimal or near-optimal solution. One popular way to address
this problem is to use abstraction techniques to guide the search through the plan space
and to reduce the cost of plan evaluation. This concept has been applied in Markov
process-based planning [1] as well as less structured approaches [14].

In the framework of DRIPS, the planning problem is formalized as the problem
of searching for the optimal plan through the space of candidate plans, each of which
is a sequence of actions. The planner is armed with the capability of understanding
and evaluating abstract plans constructed from abstract actions. An abstract action is
defined as a mapping from a probability distribution over the state space to a set of
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Figure 3. Example of (a) a concrete action and (b) an abstract action.

probability distributions over the state space, and is viewed as a sound abstraction of
several concrete actions. By evaluating abstract plans, the planner is able to evaluate
and eliminate a set of suboptimal plans without explicitly evaluating each member of
that set. Herein lies the computational efficiency of DRIPS.

We now present the underlying theoretical framework of DRIPS, where the cc-
operator and the derived cc-trees play fundamental roles.

4.1. Probabilistic actions and plans

A probabilistic action A is defined as a function A : Ω → S that maps a state
s ∈ Ω of the world to a probability distribution A(s) over possible states of the world.
For example, the action in figure 3(a) maps state s1 to the probability distribution
A(s1) that assigns s1 the probability of 0.4 and s2 the probability of 0.6, and maps
states s2 and s3 to some other distributions A(s2), A(s3) over Ω = {s1, s2, s3}. The
distributions A(s), s ∈ Ω, are called the branches of action A. This function A is
then extended to a function that maps a probability distribution P ∈ S to a probability

distribution A(P ) = EP [A(s)] =
cc∑
s∈ΩP (s)A(s), which is essentially the probability

cross-product of the distribution P and the action A.
A probabilistic plan pl is a finite sequence of probabilistic actions: pl = {A1,

. . . ,An}. Given an initial world Wini ∈ S that is a probability distribution over the
state space Ω, the projection of pl on Wini is the process of determining the final world
Wfinal = pl(Wini) = An(. . . A1(Wini) . . .) ∈ S.

A utility function is a function u : Ω→ < that assigns to each state of the world
a real number that indicates the desirability of that state. The expected utility of a plan

pl is defined as Eu(pl) =
cc∑
s∈ΩWfinal(s)u(s), where Wfinal = pl(Wini). It is convenient

to extend the definition of the utility function u to a function u :S → <, where

u(P ) = EP
[
u(s)

]
=

cc∑
s∈ΩP (s)u(s), ∀P ∈ S.
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Now, the expected utility of a plan pl, executed on an initial world Wini can be written
as u(Wfinal) = u(pl(Wini)). A plan pl is optimal if it has the maximum expected utility
among all candidate plans.

Probabilistic actions and utility functions, as functions that have S as their do-
mains, have the following important property.

Theorem 4.1. Probabilistic actions, probabilistic plans, and utility functions are con-
vex mappings and thus commute with the cc-operator (fact 4).

Proof. Note that both probabilistic actions and utility functions are first defined as
functions over Ω, and then extended by means of expectation to functions over S.
Let φ :<d ⊇ S → <e be any function defined and extended in the same way, i.e.,

φ(P ) =
cc∑
s∈ΩP (s)φ(s), ∀P ∈ S. We show that φ is a convex mapping as follows:

φ

( cc∑
n
i=1λiPi

)
=

cc∑
s∈Ω

( cc∑
n
i=1λiPi

)
(s)φ(s)

=
cc∑

s∈Ω

( cc∑
n
i=1λiPi(s)

)
φ(s)

=
cc∑

n
i=1λi

cc∑
s∈ΩPi(s)φ(s)

=
cc∑

n
i=1λiφ(Pi).

Thus, probabilistic actions and utility functions are convex mappings. It is easy
to see that compositions of convex mappings are also convex mappings, and hence
probabilistic plans are also convex mappings. �

Figure 4 illustrates the implications of theorem 4.1 on the process of projecting
and evaluating probabilistic plans. Consider projecting a 2-action plan pl = {A1,A2}
on the initial world Wini = P . The state space Ω consists of three elements {s1, s2, s3}.
The initial world is represented by a pcc-tree with three leaves si and three branches
P (si) (fact 1). In figure 4(a), this is the pcc-tree with root (a) and nodes of depth 1.
Now consider the world after executing action A1, namely A1(P ). Since A1 commutes
with the cc-operator defined by P , A1(P ) can be represented by the pcc-tree with
root (a) and nodes of depth 1 and 2. We in effect obtained this tree (A1(P )) by
replacing the leaves si of the pcc-tree P by distributions A1(si). Similarly, we can
obtain the pcc-tree representing A2(A1(P )) by replacing the leaves si of the pcc-
tree A1(P ) with A2(si). This pcc-tree is the whole tree of depth 3 in figure 4(a). To
compute the expected utility of pl, which is u(A2(A1(P ))), we can replace the leaves si
of the pcc-tree representing A2(A1(P )) with u(si) (due to the fact that utility function
commute with the cc-operator) and then evaluate the obtained icc-tree (figure 4(b)).
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Figure 4. Illustration of (a) projecting and (b) evaluating probabilistic plans.

4.2. Abstract actions and plans

From now on, we will call probabilistic actions concrete actions. We generalize
concrete actions into abstract actions, according to [12], by allowing the probabilities
to be interval-values instead of point-values, and the resulting worlds to be sets of
states instead of states. This definition is best understood through an example (see fig-
ure 3(b)). An abstract action is interpreted as a set of concrete actions each of which
is obtained by instantiation, a process that replaces the probability intervals with con-
sistent probability numbers, and sets of states with consistent states. The consistency
condition for probability numbers means that they must be in the corresponding inter-
vals, and obey the axioms of probability. The consistency conditions for states means
that they must be in the corresponding sets. For example, the concrete action A in
figure 3(a) is an instantiation of the abstract action A in figure 3(b). We denote the
instantiation relationship as A ∈ A. The semantics of an abstract action A is that it is a
function A :S → 2S that maps a probability distribution P ∈ S to a set of probability
distributions {A(P ) | A ∈ A}.

An abstract plan pl is a sequence of actions, among which some actions may
be abstract actions. An instantiation plan pl of an abstract plan pl is obtained by
replacing each abstract action in pl with one of its instantiated actions. We de-
note this relationship as pl ∈ pl. The projection of an abstract plan pl on an initial
world Wini is the process of determining the final world Wfinal, which is defined as:
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Wfinal = {pl(Wini) | pl ∈ pl}. The expected utility of an abstract plan pl is defined as
the u(pl(Wini)) = {u(pl(Wini)) | pl ∈ pl}.

These notions of abstract actions and plans are introduced in [12] to model
sound abstraction, the central concept of DRIPS. An abstract action A is called a sound
abstraction of n concrete actions A1, . . . ,An if for any initial world Wini ∈ S, we have
Ai(Wini) ∈ A(Wini), i = 1, . . . ,n. For example, the abstract action A in figure 3(b)
is a sound abstraction of the action A in figure 3(a). The use of abstraction allows
DRIPS to evaluate a set of concrete plans, represented as a single abstract plan, in
a single step, rather than having to evaluate each of the concrete plans in that set
individually. This can substantially reduce the time complexity of finding optimal
plans, as demonstrated by a number of toy examples as well as successful real-world
applications of DRIPS [13].

Evaluating an abstract plan for this purpose amounts to determining the infimum
and the supremum of the set u(pl(Wini)) ⊆ <, which are exactly the endpoints of the
interval conv(u(pl(Wini))). We call this the expected utility interval of the abstract plan
pl. This interval can be approximately computed with the help of the next theorem,
which is a generalization of theorem 4.1.

Theorem 4.2. Abstract actions and abstract plans semi-commute with the cc-operator.
Specifically, if A is an abstract action or an abstract plan, then

A
( cc∑

n
i=1ΛiWi

)
⊆

cc∑
n
i=1ΛiA(Wi).

Proof. An element of the set A(
cc∑
n
i=1ΛiWi) must have the form A(

cc∑
n
i=1λiPi), where

A ∈ A, λi ∈ Λi, and Pi ∈ Wi. Since concrete actions (plans) commute with the cc-

operator, this sum can be written as
cc∑
n
i=1λiA(Pi), which is clearly an element of

cc∑
n
i=1ΛiA(Wi). �

As a consequence of the above theorem, if the initial world Wini is a set of

probability distributions3 that can be written as Wini =
cc∑

ΛiWi, Wi ⊆ S, then the
expected utility interval of an abstract plan pl, projected on Wini can be approximated as

conv
(
u
(
pl(Wini)

))
= u
(
conv

(
pl(Wini)

))
= u

(
conv

(
pl
( cc∑

ΛiWi

)))
⊆ u
(

conv

( cc∑
Λipl(Wi)

))
(pl semi-commutes with cc-op)

=
icc∑

Λiu
(
conv

(
pl(Wi)

))
(conv and u commute with cc-op),

3 We use the term “world” to describe the state of affairs after projecting several abstract actions. Since
abstract actions are mappings that return sets of probability distributions, a world now can be a set of
probability distributions.
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where the first equality is due to the fact that utility functions and convex hull oper-
ator also commute, i.e., conv(u(K)) = u(conv(K)) for all K ⊆ S. These equalities
illustrate the idea of switching from probability numbers to probability intervals, in the
context of projecting and evaluating abstract plans, by replacing the probability cross-
product with the cc-operator. The interesting interplay among abstract actions/plans,
utility functions, convex hull, and the cc-operator plays a key role in projecting and
evaluating abstract probabilistic plans in the DRIPS planner. This important property
allows the process of evaluating abstract plans to be performed in two steps. In the
first step, we project each branch of each action in the plan on each branch of the
current world, expanding a pcc-tree in the process (a world is now a set of probability
distributions represented by a pcc-tree). In the second step, we compute the expected
utility interval of the plan by replacing the leaves of the final pcc-tree with their utility
values and evaluating the resulting icc-tree. The reader is refered to [12] for a more
thorough discussion of various projection algorithms for DRIPS.

The next theorem states that the convex hull of projecting an abstract action/plan
on a world can be computed by projecting on the convex hull of that world. This
result is heavily utilized by DRIPS, since it is often convenient to approximate a set of
probability distributions by its convex hull.

Theorem 4.3. Suppose W ⊆ S, and A is an abstract action or an abstract plan. Then
conv(A(W )) = conv(A(conv(W ))).

Proof. The “⊆” relation is obvious, so we only need to prove the “⊇” relation, which
amounts to proving that A(conv(W )) ⊆ conv(A(W )). An element of A(conv(W )) must

have the form A(
cc∑
n
i=1λiPi), where A ∈ A and Pi ∈W . Since concrete actions/plans

commute with the cc-operator, this cc-sum can be written as
cc∑
n
i=1λiA(Pi), which is

clearly an element of conv(A(W )). �

5. Interval Bayesian networks

In this section we demonstrate how the cc-operator can be used to make inference
in interval Bayesian networks.

A Bayesian network is a pair consisting of a directed acyclic graph, and a collec-
tion of probability tables associated with the nodes. Each node of the graph represents
a random variable, and its associated probability table specifies the conditional proba-
bility of that node given its parents. A Bayesian network represents a joint probability
distribution over the random variables corresponding to the nodes, and this distribu-
tion is obtained by multiplying the conditional probability tables. Figure 5(a) depicts
a 4-node Bayesian network N , where the conditional probabilities to be specified are
P (X), P (Y | X), P (Z | X) and P (T | Y ,Z) (for example, P (y | x) = 0.4, and
P (ȳ | x) = 0.6). This Bayesian network represents the joint probability distribution P
over {X,Y ,Z,T}: P (X,Y ,Z,T ) = P (X)P (Y | X)P (Z | X)P (T | Y ,Z).
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Figure 5. Examples: (a) a Bayesian network and (b) an interval Bayesian network.

Interval Bayesian networks (IBN) [8,10,25] are a generalization of Bayesian net-
works where we allow the probabilities to be interval-values. An IBN represents a
set of Bayesian networks, each of which is obtained from the IBN by instantiation, a
process that replaces each interval probability with a consistent point probability, where
consistency means that the points must be in their corresponding intervals, and obey the
axioms of probability. Figure 5(b) depicts a 4-node interval Bayesian network N where
P(y | x) = [0.3 0.5] and P(ȳ | x) = [0.5 0.7]. The regular Bayesian network in fig-
ure 5(a) (N ) is an instantiation of N. We denote the instantiation relationship by N ∈N.

Given such an IBN N, the answer to any probabilistic query is defined to be an
interval whose endpoints are the infimum and supremum of that query, ranging over all
Bayesian network instantiations of N. For example, in the IBN in figure 5(b), we might
be interested in computing P(t), which is defined as [infN∈N PN (t) supN∈N PN (t)].

Dechter [6] showed that most of Bayesian network algorithms for updating prob-
abilities, finding the most probable explanation, finding the maximum a posteriori
hypothesis, and computing maximum expected utility, can be cast into a unifying al-
gorithm schema called bucket elimination. We now present an interval version of this
schema and that computes the bounds for the probability of any node in an IBN. In
this section we consider the case when there is no evidence in the IBN. The problem of
answering probabilistic queries in IBNs with evidence will be studied in the section 7
where we discuss evidential updating with pcc-trees.

The main idea of this algorithm can be best understood through an example.
Suppose that in the IBN N in figure 5(b), we are interested in computing the probability
bounds for the random variable T taking on some value t. Suppose that P is the joint
distribution represented by a BN instantiation N of N. Note that P (t) can be written
as

P (t) =
∑
X,Y ,Z

P (X,Y ,Z, t) =
∑
X,Y ,Z

P (X)P (Y | X)P (Z | X)P (t | Y ,Z).

Our goal is to factorize this last sum into a series of probability cross-products, which
can be generalized into a series of cc-operators. For example, we have that
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P (t) =
∑
X,Y ,Z

P (X)P (Y | X)P (Z | X)P (t | Y ,Z)

=
∑
X

P (X)
∑
Y

P (Y | X)
∑
Z

P (Z | X)P (t | Y ,Z).

This factorization corresponds exactly to what we get by applying the bucket
elimination algorithm to the ordering {X,Y ,Z,T} of the random variables. From the
fact that P (X) ∈ P(X),

∑
X P (X) = 1, we can see that this formula can be generalized

into a cc-operator sum. Now, given that X is fixed at some value x, we have that
P (Y | x) ∈ P(Y | x),

∑
Y P (Y | x) = 1, which means that we can generalized the

inside sum into a cc-operator sum. It is obvious that all of the remaining sums in this
formula can be generalized into cc-operator sums. Thus we have

P (t) =
∑
X,Y ,Z

P (X)P (Y | X)P (Z | X)P (t | Y ,Z)

=
∑
X

P (X)
∑
Y

P (Y | X)
∑
Z

P (Z | X)P (t | Y ,Z)

∈
icc∑

XP(X)
icc∑

Y P(Y | X)
icc∑

ZP(Z | X)P(t | Y ,Z).

The algorithm for the general case is the following. Suppose that we are interested
in computing the bounds of the probability P(X) for some node X in an IBN N. Let
{X1,X2, . . . ,Xn} be any topological (or ancestral) ordering of the random variables
of N, and X = Xk. Let πi, i = 1, . . . , k, denote the set of parents of node Xi. Then,
the bounds of P(Xk = xk) can be approximated as

P(xk) =
∑

X1,...,Xk−1

P(X1, . . . ,Xk−1,xk) =
∑

X1,...,Xk−1

k∏
i=1

P(Xi | πi)

⊆
icc∑

X1 P(X1)
icc∑

X2P(X2 | π2)
icc∑

X3 · · ·
icc∑

Xk−1P(Xk−1 | πk−1)P(xk | πk).

Note that the bounds for P(xk) obtained by this algorithm are correct, but not
tight. The same can be said of the algorithm suggested in theorem 4.2 for projecting
and evaluating abstract plans. What’s more, the two problems (of evaluating abstract
plans and answering IBN queries) look eerily similar, and a closer look at the two
problems reveals that the latter is in fact a special case of the former: answering
an IBN query can be viewed as an instance of abstract plan evaluation with suitable
choices of worlds and actions. The precision loss of the algorithm for evaluating
abstract plans is due to the fact that although the icc-operator sum – when applied
only once – yields exact results, computations of globally related icc-operators are
performed locally and independently. (An analogue of this loss occurs when we
approximate the maximization of the sum of correlated individuals by summing the
maximization of the individuals.) This is the precision tradeoff we have to make
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if we are to avoid having to resort to computationally more costly techniques such
as linear programming. Experiments with the DRIPS planner show that the icc-tree
approximation produces sufficiently tight bounds in order to eliminate large classes of
suboptimal plans.

6. pcc-trees as a representation for sets of probability distributions

In this section, we investigate pcc-trees as data structures that encode sets of prob-
ability distributions. We first show that the class of pcc-trees is exactly the class of
polytope-like sets of probability distributions, and discuss the complexity of switching
between these two representations. We then show that Dempster–Shafer belief func-
tions, when interpreted as lower envelopes of sets of distributions, can be represented
by 2-level pcc-trees in at least two different ways.

6.1. pcc-trees and polytope-like sets of probability distributions

One of the first questions we need to answer when introducing pcc-trees is:
“What kind of sets of probability distributions do pcc-trees encode?” It follows from
theorem 2.2 (the cc-operator and convex hull operator commute) that any pcc-tree is
equal to its convex hull and thus encodes a convex set of probability distributions. Also
recall that figure 2(b) demonstrates that any polytope-like set of probability distributions
can be represented by a 2-level pcc-tree where the nodes at level 1 are the vertices
of the polytope (this pcc-tree has a total of at most 1 + n + nd nodes, where n is
the number of the vertices of the polytope, and d = |Ω|). Our next result states
that the converse is also true: the cc-operator is closed on the set of polytopes, and
thus any pcc-tree represents a polytope-like set of probability distributions. In other
words, the class of pcc-trees is precisely the class of polytope-like sets of probability
distributions.

Theorem 6.1. If Λi ⊆ [0 1] are closed intervals and Wi ⊆ <d are polytopes, then

K = ~Λ⊗ ~W =
cc∑
n
i=1ΛiWi is also a polytope.

Proof. We need the following auxiliary lemma, which is a standard result in convex
geometry (see, for example, [11]).

Lemma. Suppose that K ⊆ <d is a convex set and V ⊆ K is a finite set of points in K
such that for any point u ∈ <d, there is a point v ∈ V such that 〈v,u〉 = maxx∈K〈x,u〉.
Then K = conv(V ), or, equivalently, K is a polytope whose vertices are contained
in V .
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Consider any point u ∈ <d. The set of real numbers that are inner products of u
with the elements of K can be written as

〈u,K〉 =

〈
u,

cc∑
n
i=1ΛiWi

〉
=

icc∑
n
i=1Λi〈u,Wi〉.

(In the case when Wi (and thus K) are subsets of S, we can view the set K as a set
of probability distributions, u as a utility function, and 〈u,K〉 as the expected utility
interval of an abstract plan whose final world is K.) It is easy to see that in order to
compute the bounds of the interval 〈u,Wi〉, we only have to minimize and maximize
〈u,x〉 over the finite set of vertices of the polytope Wi. From this and the fact that
the weights λi (chosen by the greedy knapsack algorithm for evaluating icc-operator
sum, see section 3) are chosen based only on the order of the values of the material
(there are n!, i.e., finite number of possible orders), it follows that there are a finite
set of points in K that satisfies the condition of the auxiliary lemma. �

It is not an easy task to determine the vertices of a polytope represented by a pcc-
tree. It is however possible to estimate the number of vertices of a polytope represented
as a pcc-tree. We have found that the number of vertices of a polytope represented as
a pcc-tree with n nodes is asymptotically bounded above by O((2e1/e)n). The proof
of this result is rather involved and is omitted here. We can obtain a very rough upper
bound using the following argument. Denote by v(K) the number of vertices of a
polytope K. Denote by PCC(n) the set of polytopes representable by pcc-trees of at

most n nodes, and v(n) = supK∈PCC(n) v(K). Now assume that K =
cc∑
m
i=1ΛiWi,

2 6 m 6 n, is a polytope represented by a pcc-tree with (n+ 1) nodes, where wi are
also polytopes. Since Wi are polytopes representable with pcc-trees of at most n (in
fact n− 1, since m > 2) nodes, we have that v(Wi) 6 v(n). The proof of theorem 6.1
implies that v(K) 6m!(v(n))m 6 n!(v(n))n. Since K was chosen arbitrarily, we have
that v(n + 1) 6 n!(v(n))n.

Although the recursive upper bound obtained above is clearly very loose, it has
an implication that there are polytopes (with sufficiently large number of vertices) that
require pcc-trees with arbitrarily large number of nodes to represent them. Another
implication of this bound is the following theorem.

Theorem 6.2. For all positive integers n, PCC(n) is a strict subset of PCC(n+ 2).

Proof. Let K ∈ PCC(n) and v(K) = v(n). Such K exists since v(n) <∞. We will
construct from K a polytope K ′ representable by a pcc-tree with n + 2 nodes which
does not belong to PCC(n).

Fix a point s ∈ S − K (such a point must exist unless K is the entire prob-
ability simplex). Let I = [0 1/2], J = [1/2 1], and K ′ = (I ,J) ⊗ ({s},K).
Also set K(s, 1/2) = {1/2(s + x) | x ∈ K}. It is not hard to verify that (1)
K ′ = conv(K(s, 1/2) ∪ K) and (2) v(conv(K(s, 1/2) ∪ K)) > v(K), which estab-
lish the theorem. �



V.A. Ha et al. / Geometric foundations for interval-based probabilities 17

6.2. pcc-trees and Dempster–Shafer belief functions

In this subsection we show that any Dempster–Shafer belief function [7,20], when
viewed as a lower envelope of a set of probability distributions, can be represented
by a 2-level pcc-tree, using its corresponding mass assignment function. We first need
some preliminaries to formulate this result.

Let Ω be a finite set.4 A function Bel : 2Ω → [0, 1] is called a belief function
if Bel(∅) = 0, Bel(Ω) = 1, Bel(A) 6 Bel(B) whenever A ⊆ B, and for all Ai ⊆ Ω,
i = 1, . . . , k:

Bel

(
k⋃
i=1

Ai

)
>

∑
∅6=I⊆{1,...,k}

(−1)|I|+1Bel

(⋂
i∈I

Ai

)
.

The corresponding mass assignment function5 m : 2Ω → [0, 1] of a belief function
Bel is obtained by the Möbius transformation as m(A) =

∑
B⊆A(−1)|A−B|Bel(B),

∀A ⊆ Ω. It is well known that
∑

A⊆Ωm(A) = 1. The subsets A ⊆ Ω that are assigned
positive masses (m(A) > 0) are called the focal elements of the belief function Bel.
A belief function Bel can also be viewed as the lower envelope of a set of probability
distributions consistent with it, where a probability distribution P is consistent with
Bel if Bel(A) 6

∑
s∈A P (s), ∀A ⊆ Ω.

Kyburg [16] showed that the set of probability distributions consistent with a
belief function is closed and convex. Our next result asserts something stronger: this
set is a polytope-like set of probability distributions, which is equal to the weighted
sum of the faces of the probability simplex, with faces conv(A), A ⊆ Ω weighted
with m(A).

Theorem 6.3. Bel =
cc∑
k
i=1m(Ai)conv(Ai). Here both sides are interpreted as sets of

probability distributions (see figure 2(c) for an example).

Proof. It is well known [2,7,24] that a probability distribution P is consistent with
Bel if and only if there exist so-called allocating functions gi : Ω→ [0, 1], i = 1, . . . , k,
such that:

1. For all i = 1, . . . , k and s ∈ Ω, gi(s) = 0 if s /∈ Ai.
2.
∑

s∈Ω gi(s) =
∑

s∈Ai gi(s) = m(Ai).

3.
∑k

i=1 gi(s) = P (s).

The theorem is established by the equality

P =
cc∑

k
i=1m(Ai)

gi
m(Ai)

. �

4 Ω is often called frame of discerment.
5 Also called basic probability assignment.
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7. Evidential updating with pcc-trees

Theorem 6.1 raises a natural question: If the class of pcc-trees is identical to
the class of polytope-like sets of probability distributions, why shoud not we just use
well-known methods of representing polytopes such as vertex-listing, or linear pro-
gramming? Given a pcc-tree, we can in principle either determine the vertices of the
polytope it represents, or establish a system of linear inequalities that characterizes
this polytope. In the abstraction-based probabilistic planning framework described in
section 4, neither of these two approaches appears to be very efficient. For example, if
we represent uncertainty of the world by the list of vertices of a polytope, we need to
compute this list after each action projection, which is a non-trivial task. Similarly, it
seems no less difficult to determine a system of linear inequalities that characterizes un-
certainty of the world after each action projection. Using pcc-trees, the plan projection
process reduces to a simple tree-spanning process, and the plan evaluation (expected
utility computation) process reduces to a simple icc-tree evaluation process. Further-
more, the cc-operator and pcc-trees have a number of properties that are particularly
useful for the purpose of abstracting actions and plans [12, lemmas 1–4].

However, in the context of evidential updating, the pcc-tree representation turns
out to be less suitable than its vertex-listing and linear programming counterparts. We
investigate the reasons of this limitation of pcc-trees in this section.

The Bayesian approach to dealing with uncertainty involves representing the
uncertain information with a prior probability distribution P (·), and updating it with
an observed evidence E to obtain a posterior probability distribution P (· | E), which
is defined as P (x | E) = P (x,E)/P (E). Following [9], we view an evidence E
as a function, called evidential function that maps probability functions to probability
functions: E :P 7→ E(P ) = P (· | E). For probability functions P where P (E) = 0,
E(P ) is undefined. In this paper we consider only certain (also called hard) evidence E
that is a subset of the sample space: E ⊆ Ω.

The Bayesian paradigm is often challenged due to the its requirement that a
single prior probability distribution be specified, even when little statistical information
is available. The cautious Bayesian approach addresses this issue by taking into
consideration a (usually convex) set K of prior probability distributions, and updating
each member P ∈ K of this set with the observed evidence E to obtain E(K) =
{E(P ) | P ∈ K, P (E) > 0}. This evidential updating approach is refered to as
convex conditionalization [16,18].

Convex conditionalization for various representations of convex sets of proba-
bility distributions has been a subject of extensive study. White [28] studied the case
where both the prior set of distributions and the (uncertain, also called soft) evidence
are characterized by systems of linear inequalities. Snow [22] showed that in the
case where the evidence is a single uniformly positive distribution, White’s method of
conditioning yields exact results.

Convex conditionalization has also been studied in the case where the set K of
prior distributions is a set of distributions consistent with a Dempster–Shafer belief
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function Bel. Fagin and Halpern [9] showed that the lower and upper envelopes of
E(Bel) correspond to a pair of belief (denoted Bel(· | E)) and plausibility functions.
Jaffray [15] showed that E(Bel) in general is a strict subset of the set of distributions
consistent with the new belief function Bel(· | E). This result means that the belief
function representation loses information in the updating process. Chrisman [3] showed
that this loss of information is especially troublesome when pieces of evidence are to
be updated incrementally, since different orders of pieces of evidence produce different
results (which are also different from the result obtained when updating all the pieces
of evidence in a single step). By using Dempster conditioning bounds in conjunct with
the convex conditioning bounds, Chrisman was able to develope an exact conditioning
procedure for 2-monotone lower probabilities, the class of which contains the class of
belief functions [3].

We now investigate the problem of convex conditioning on pcc-trees. Suppose

that K =
cc∑
n
i=1ΛiWi is a pcc-trees where Wi are also pcc-trees that are subtrees

of K. Suppose that E ⊆ Ω is hard evidence. We are interested in determining

E(K) = E(
cc∑
n
i=1ΛiWi). We start out by studying this problem in special cases of

pcc-trees.
In the case when K = conv(A), A ⊆ Ω, is a face of the probability simplex

(figure 2(a)), then clearly E(K) = E(conv(A)) = conv(E ∩ A). In the more general
case when K = conv{P1, . . . ,Pk} is a polytope-like sets of probability distributions
with vertices Pi, it can be shown that E(K) is also a polytope whose vertices are
contained in the set {E(Pi) | i = 1, . . . , k} [21,23]. Below we provide a proof of this
statement that is similar to the proof given in [23], since it is highly instructive in our
upcoming analysis.

Theorem 7.1. E(conv{P1, . . . ,Pk}) = conv(E(P1), . . . ,E(Pk)).

Proof. Like most arguments involving convex combinations, here we need to consider
only the case of k = 2. The case when either P1(E) = 0 or P2(E) = 0 is easy to
check, so we suppose that P1(E) > 0, P2(E) > 0. An element of the left-hand side
has the form E(αP1 + (1− α)P2), α ∈ [0 1], while an element of the right-hand side
has the form βE(P1) + (1 − β)E(P2), β ∈ [0 1]. The set equality is established if
we can construct a one-to-one mapping from any α ∈ [0 1] to a β ∈ [0 1] such that
E(αP1 + (1− α)P2) = βE(P1) + (1− β)E(P2). It is easy to check that the mapping
β = α/[α + (1− α)P2(E)/P1(E)] satisfies these requirements. �

An immediate observation from the above proof of theorem 7.1 is that the ev-
idential function E does not preserve convex combinations and thus is not a convex
mapping.6 As one would suspect, this non-convexity of the evidential function causes

6 Further investigation based on geometric arguements shows that this phenomenon occurs because of the
normalization step of updating, when the probabilities P (x,E) are normalized by dividing by P (E) so
that they sum up to 1.



20 V.A. Ha et al. / Geometric foundations for interval-based probabilities

difficulty in updating pcc-trees, since the evidential function does not commute with
the cc-operator.

An example that illustrates this point is the case of updating belief functions.
Recall that a belief function Bel with its corresponding mass assignment function m

and focal elements A1, . . . ,Ak can be written as Bel =
cc∑
k
i=1m(Ai)conv(Ai) (see

theorem 6.3 and figure 2(c)). If the evidential function E had commuted with the
cc-operator, we would have obtained

E(Bel) =E

( cc∑
k
i=1m(Ai)conv(Ai)

)
=

cc∑
k
i=1m(Ai)E

(
conv(Ai)

)
=

cc∑
k
i=1m(Ai)conv(Ai ∩E),

which is identical to Bel⊕E, the result of combining the belief function Bel with the
evidence E using Dempster’s rule of combination. This is impossible since it is well
known that the bounds obtained using Dempster’s rule in general are strictly narrower
than the bounds obtained using convex conditionalization [7,9].

The difficulty of evidential updating with pcc-trees translates into the difficulty
of answering probabilistic queries in interval Bayesian networks that have evidence.
A straightforward attempt to extend the algorithm described in section 5 to IBNs with
evidence involves maintaining two different representations of polytope-like sets of
probability distributions: with a pcc-tree and with a list of the polytope’s vertices. We
can use the second representation to incorporate evidence according to theorem 7.1, and
use the first representation to compute the bounds for probabilistic queries. Effective
realization of this idea requires efficient algorithms for alternating between the two
representations. We leave this as an issue for future research.
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